Deforming convex real projective structures by Wienhard, Anna & Zhang, Tengren
DEFORMING CONVEX REAL PROJECTIVE STRUCTURES
ANNA WIENHARD AND TENGREN ZHANG
1. Introduction
Let S be a closed connected orientable surface of genus g ≥ 2. A convex real
projective structure on S is a locally homogeneous RP2-structure on S which induces
a diffeomorphism of S with a manifold M = Ω/Γ, where Ω ⊂ RP2 is a convex
domain, and Γ is a discrete group of projective transformations which preserve Ω.
Any hyperbolic structure on S gives rise to a convex real projective structure on
S, by taking Ω to be the Klein-Beltrami model of the hyperbolic plane in RP2.
The deformation space C(S) of convex real projective structures thus contains the
Fricke-Teichmu¨ller space Hyp(S) of hyperbolic structures on S. The study of convex
real projective structures on S has been pioneered by Bill Goldman, who rigorously
defined the deformation space of convex real projective structures on S and showed
that it is a cell of dimension 16g − 16 [Gol90]. He proved this result by giving a
precise parametrization of the space of convex real projective structures associated
to a pair of pants decomposition of the surface, involving two length and two twist
parameters for each curve in the pants decomposition and two internal parameters
for each pair of pants. The holonomy map provides an embedding hol : C(S) →
Hom(pi1(S),PGL(3,R))/PGL(3,R). Choi-Goldman [CG93] showed that the image
of C(S) is the Hitchin component Hit3(S) ⊂ Hom(pi1(S),PGL(3,R))/PGL(3,R),
which was introduced by Hitchin in [Hit92]. The space of convex real projective
structures thus provides the first example of a higher Teichmu¨ller space, and the
study of convex real projective structures has often been a model case for the study
of more general Hitchin components [Gol90, Li16, Lab07, Lof01, FG07, Zha15a].
A simple closed curve on S gives rise to a twist flow on Hyp(S). More generally,
given a pair of pants decomposition of S, the twist flows along the 3g− 3 curves in
the pants decomposition give rise to 3g − 3 pairwise commuting flows on Hyp(S)
where g is the genus of S. Generalizations of these twist flows have been defined by
Goldman [Gol86] in for representations of pi1(S) into general reductive Lie groups,
and described very explicitly as shear and bulging deformations for convex real
projective structures [Gol]. In the Fricke-Teichmu¨ller space the 3g − 3 pairwise
commuting twist flows fill out a half dimensional space (dimHyp(S) = 6g− 6). For
convex real projective structures however, the shear and bulging flows associated to
the 3g− 3 pants curves give only rise to 6g− 6 pairwise commuting flows in the the
16g−16-dimensional space of convex real projective structures. Moreover it is easy
to see that the twist flows do not change the 4g− 4 internal parameters associated
to the pants in the pair of pants decomposition.
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In this article we introduce two new flows on the space of convex real projective
structures, which are described by explicit deformations of the internal parameters
associated to each pair of pants in a pants decomposition. We call these flows the
eruption flow and the internal bulging flow associated to the pants. The eruption
flows associated to the 2g − 2 pairs of pants commute with the 6g − 6 generalized
twist flows associated to the curves in the pants decomposition. Thus we obtain
the following
Theorem 1.1. Let S be a closed oriented surface of genus g ≥ 2, and C(S) the space
of convex real projective structures on S. Let P be a pair of pants decomposition
of S and T an ideal triangulation of S adapted to P. Then the 6g − 6 shearing
and bulging flows associated to the 3g − 3 pants curves and the 2g − 2 eruption
flows associated to the 2g − 2 pairs of pants give rise to a half-dimensional family
of commuting flows on C(S).
In a forthcoming paper, joint with Zhe Sun, we will extend Theorem 1.1 to
Hitchin components for PGL(n,R), and discuss the structure of this family of flows
with respect to the symplectic structure on Hom(pi1(S),PGL(n,R))/PGL(n,R).
Twist flows along simple closed curves have been generalized by Thurston to
earthquakes along measured laminations, leading to Thurston’s celebrated earth-
quake theorem [Ker83, Thu86], that given any two points X,X ′ ∈ Hyp(S) there
exists a unique measured lamination on X such that X ′ can be obtained from X
by a left earthquake along this lamination. It is a very interesting and challenging
question whether there exists any generalization of the earthquake theorem in the
context of higher Teichmu¨ller spaces. This is wide open even for the space of convex
real projective structures. Trying to develop an understanding of how a general-
ization of the earthquake theorem in the space of convex real projective structures
could look like was our initial motivation to define the eruption flows we introduce
in this article.
Twist flows on Hyp(S) are intimitately linked with the cross ratio of four points
in the boundary RP1 of the hyperbolic plane. In the same way, the generalized
twist flows on C(S) are closely related to the generalized cross ratios of quadruples
of flags in R3, and the new eruption flows we defined are closely related to the
triple ratio, a projective invariant of a triple of flags in R3. These invariants play
an important role in the work of Fock-Goncharov [FG06], as well as in recent work
of Bonahon-Dreyer [BD14, BD] and Zhang [Zha15a, Zha15b] parametrizing the
Hitchin components for PGL(n,R).
This paper is organized as follows. In Section 2, we recall properties of some
classical projective invariants, namely the cross ratio and triple ratio. Then in Sec-
tion 3, we recall the work of Fock-Goncharov, who used these projective invariants
to give a parameterization of the space of n-tuples of positive flags in R3, and de-
scribe the relationship between such n-tuples of flags and suitably nested n-gons.
Using this, we describe the eruption, shearing and bulging flows in the context of
n-tuples of positive flags. We then extend these flows to the setting of marked
strictly convex domains with C1 boundary in Section 4. In Section 5, we recall
some basic facts about convex RP2 structures on surfaces. Finally in Section 6, we
use the elementary eruption, shearing and bulging flows from Section 4 to define
eruption, shearing and internal bulging flows on C(S).
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2. Projective invariants in RP2
In this section, we give some background on projective geometry, and recall the
definition of some projective invariants, which play an important role throughout
the article: the cross ratio and the triple ratio.
We begin by defining a notion of genericity of points in RP2.
Definition 2.1. An n-tuple of points p1, . . . , pn ∈ RP2 is generic if no three of the
points lie in a projective line. Denote the set of generic n-tuples of points in RP2
by Pn.
One can easily verify that PGL(3,R) acts simply transitively on P4. However, if
we consider quadruples of (non-generic) pairwise distinct points p1, p2, p3, p4, which
lie on a projective line, the projective group PGL(3,R) does not act transitively,
and the orbits are given by the projective cross-ratio.
2.1. Cross ratios. We describe the cross-ratio in the dual picture and consider
first the following collection of projective lines in RP2.
Definition 2.2. Let Ln denote the set of pairwise distinct n-tuples l1, . . . , ln ∈
(RP2)∗ for which there exist some p ∈ RP2 so that li(p) = 0 for all i = 1, . . . , n.
Each l ∈ (RP2)∗ is a projective class of linear functionals in R3. By taking
the kernels of these linear functionals, we obtain a natural identification between
(RP2)∗ and the space of projective lines in RP2. With this identification, the
condition l(p) = 0 means that the point p lies in the projective line l. Hence L4
identifies with the set of quadruples of lines which intersect in a point. We will blur
the distinction between projective classes of linear functionals on R3 and projective
lines in RP2; it should be clear from the context which we are referring to.
Observe that PGL(3,R) acts on L4. but not transitively. The PGL(3,R)-orbits
in L4 can be characterized by the following function, called the cross ratio.
Definition 2.3. The cross ratio is the function C : L4 → R \ {0, 1} defined by
C : (l1, l2, l3, l4) 7→ l1(p3) · l4(p2)
l1(p2) · l4(p3) ,
where p2, p3 ∈ RP2 \ {p} are points that lie on l2 and l3 respectively, and p is the
common intersection point of l1, . . . , l4.
In the above formula for C, we choose covectors α1, α4 and vectors v2, v3 in the
projective classes of l1, l4 and p2, p3 respectively to evaluate the pairings li(pj) :=
αi(vj). It is easy to check that C(l1, l2, l3, l4) does not depend on these choices
of vectors and covectors, nor does it depend on the choice of p2 or p3. For our
purposes, we will also use the notation
C(l1, p2, p3, l4) := C(l1, l2, l3, l4)
for points p2 ∈ l2 and p3 ∈ l3. The next proposition states some properties of the
cross ratio, which are well-known and easily verified.
Proposition 2.4. Let (l1, l2, l3, l4) ∈ L4. The following statements hold.
(1) C(l1, l2, l3, l4) =
1
C(l1, l3, l2, l4)
= 1− C(l2, l1, l3, l4) = C(l4, l3, l2, l1).
(2) For any g ∈ PGL(3,R), C(l1, l2, l3, l4) = C(g · l1, g · l2, g · l3, g · l4).
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(3) C is surjective, and its level sets are the PGL(3,R)-orbits in L4, each of
which is isomorphic to PGL(3,R) as PGL(3,R)-sets.
The following proposition, whose proof is an elementary computation, allows to
define the cross ratio of four points in RP2 that lie in a projective line.
Proposition 2.5. Let p1, p2, p3, p4 ∈ RP2 be four pairwise distinct points in a
projective line l. Let q, q′ be a pair of distinct points that do not lie in l, and for all
i = 1, . . . , 4, let li (resp. l
′
i) be the projective lines through q and pi (resp. q
′ and
pi) respectively. Then
C(l1, l2, l3, l4) = C(l
′
1, l
′
2, l
′
3, l
′
4).
We set
C(p1, p2, p3, p4) = C(l1, l2, l3, l4).
Recall that a properly convex domain Ω ⊂ RP2 is an open subset such that for
any pair of points p, q ∈ Ω, there is a projective line segment between p and q
that lies in Ω, and the closure of Ω in RP2 does not contain any projective lines.
A properly convex domain Ω is strictly convex if ∂Ω does not contain any line
segments. The cross ratio of four points in a projective line allows us to define the
Hilbert-metric on properly convex domains:
Definition 2.6. Let Ω ⊂ RP2 be a properly convex domain. For any pair of points
p, q ∈ Ω, let a, b ∈ ∂Ω be the points so that a, p, q, b lie on a projective line in RP2
in that order. The Hilbert metric is the function dΩ : Ω
2 → R given by
dΩ(p, q) = log |C(a, p, q, b)|.
It is easy to verify that dΩ defines a metric on Ω, and the projective invariance
of the cross ratio implies that dΩ is invariant under any projective transformation
that leaves Ω invariant. Also, if Ω is strictly convex, then dΩ is uniquely geodesic,
i.e. there is a unique geodesic of dΩ between any two points in Ω, which is the
projective line segment between them. Furthermore, if Ω is strictly convex, then
(Ω, dΩ) is a δ-hyperbolic metric space for some δ.
2.2. Triple ratios. In this section we describe the triple ratio, which is a projective
invariant of triples of pairwise transverse flags.
Definition 2.7. A flag is a pair (p, l) ∈ RP2 × (RP2)∗ so that l(p) = 0. Two
flags (p1, l1), (p2, l2) are transverse if l1(p2) 6= 0 6= l2(p1). Let Fn denote the set of
ordered, pairwise transverse n-tuple of flags.
Under the identification of (RP2)∗ with the space of projective lines in RP2,
(p1, l1) and (p2, l2) are transverse if and only if p1 does not lie in l2 and p2 does not
lie in l1.
Definition 2.8. The triple ratio is the function T : F3 → R \ {0} given by
T :
(
(p1, l1), (p2, l2), (p3, l3)
) 7→ l1(p2) · l2(p3) · l3(p1)
l1(p3) · l3(p2) · l2(p1) .
Just as we did in the case of cross ratios, we choose covectors α1, α2, α3 and vec-
tors v1, v2, v3 in the projective classes l1, l2, l3 and p1, p2, p3 respectively to evaluate
li(pj) := αi(vj). It is easy to verify that the triple ratio does not depend on any
of these choices. The PGL(3,R)-orbits in F3 can be described as the level sets of
the triple ratio. The next proposition states some easily verified properties of the
triple ratio.
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Proposition 2.9. Let (F1, F2, F3) ∈ F3. The following statements hold.
(1) T (F1, F2, F3) =
1
T (F1, F3, F2)
.
(2) For any g ∈ PGL(3,R), T (F1, F2, F3) = T (g · F1, g · F2, g · F3).
(3) The triple ratio is surjective, and its level sets are the PGL(3,R)-orbits in
F3, each of which is isomorphic to PGL(3,R) as PGL(3,R)-sets.
p1
p2
p3
l1
l2
l3
m2
m3
m1
q1q2
q3
w1
w2
w3
r1
r2
r3
u1
u2
u3
Q1
Q2
Q3
T1
T2
T3
T
Figure 1. Decomposition of two nested triangles into elementary pieces
We will now describe a relationship between triple ratios and cross ratios, which
allows us to give an new geometric interpretation of the triple ratio. To do so, we
set up some notation.
Notation 2.10. Let
(
(p1, l1), (p2, l2), (p3, l3)
) ∈ F3. For i, j, k = 1, 2, 3 so that i, j, k
are pairwise distinct, let qk := li ∩ lj and let mk be the projective line through
pi and pj . Also, let wk be the line through pk and qk, let tk := lk ∩mk, and let
rk := wk ∩mk. Finally, let uk := wi ∩wj . (See Figure 1.) Note that for the rest of
this article, arithmetic in the subscripts used in this notation are done modulo 3.
Observe that for all i = 1, 2, 3, pi, ui−1, ui+1, qi lie on a common projective line.
Proposition 2.11. Let (F1, F2, F3) =
(
(p1, l1), (p2, l2), (p3, l3)
) ∈ F3. For all i =
1, 2, 3, we have
C(pi, ui−1, ui+1, qi) = T (F1, F3, F2),
where ui−1, ui+1 and qi are as defined in the paragraph above.
Proof. Choose coordinates so that l1 = [1 : 0 : 0], l2 = [0 : 1 : 0], l3 = [0 : 0 : 1],
p1 = [0 : b1, c1]
T , p2 = [a2 : 0 : c2]
T , p3 = [a3 : b3 : 0]
T . Then q1 = [1 : 0 : 0]
T ,
q2 = [0 : 1 : 0]
T and q3 = [0 : 0 : 1]
T . Also, one can compute that w1 = [0 : c1 : −b1],
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w2 = [−c2 : 0 : a2] and w3 = [b3 : −a3 : 0], which implies that u1 = [1 : b3a3 : c2a2 ]T ,
u2 = [
a3
b3
: 1 : c1b1 ]
T and u3 = [
a2
c2
: b1c1 : 1]
T .
With this, it is an easy computation to show that for all i = 1, 2, 3,
C(pi, ui−1, ui+1, qi) =
b1c2a3
a2b3c1
.
On the other hand, one can also compute that
T (F1, F3, F2) =
b1c2a3
a2b3c1
.

Using the sign of the triple ratio, we can pick out a particular subset of Fn,
[FG06].
Definition 2.12. A n-tuple (F1, . . . , Fn) ∈ Fn is positive if T (Fi, Fj , Fk) > 0 for
all triples Fi < Fj < Fk < Fi in the cyclic order on (F1, . . . , Fn). Denote the set of
positive triples in Fn by F+n .
The positivity of a triple (F1, F2, F3) =
(
(p1, l1), (p2, l2), (p3, l3)
) ∈ F3 can be
interpreted in the following way. For i, j, k = 1, 2, 3 that are pairwise distinct, let tk
and rk be as defined in Notation 2.10. The triple (F1, F2, F3) is positive if and only
if rk and tk lie in distinct connected components of RP2 \ (li∪ lj). Equivalently, the
triple ratio of (F1, F2, F3) =
(
(p1, l1), (p2, l2), (p3, l3)
) ∈ F3 is positive if there is a
triangle ∆ ⊂ RP2 with vertices p1, p2, p3 and a triangle ∆′ ⊂ RP2 with edges l1, l2, l3
so that ∆ ⊂ ∆′. In Figure 1 we have ∆ = T ∪T1∪T2∪T3 and ∆′ = T ∪Q1∪Q2∪Q3
(see Section 3.1 for a precise description of the correspondence of F+n and suitably
nested polygons).
With this notation Proposition 2.11 implies the following
Corollary 2.13. Let (F1, F2, F3) =
(
(p1, l1), (p2, l2), (p3, l3)
) ∈ F3. Let ∆′ be the
triangle with edges l1, l2, l3 and T as in Figure 1. Then log T (F1, F3, F2) is the
Hilbert length of the side of the triangle T with respect to the proper convex set ∆′.
In particular T is an equilateral triangle with respect to this Hilbert metric.
Remark 2.14. (1) Note that if (F1, F2, F3) =
(
(p1, l1), (p2, l2), (p3, l3)
) ∈ F3 is a
triple of flags which arises by taking three points p1, p2, p3 on the boundary
of a quadric, and l1, l2, l3 the tangent to the quadric through these points,
then log T (F1, F3, F2) = 0.
(2) Corollary 2.13 allows us to interpret the triple ratio as instruction to as-
semble the configuration
(
(p1, l1), (p2, l2), (p3, l3)
)
out of the quadrilateral
Q1, Q2, Q3. Since PGL(3,R) acts transitively on P4, each of the quadrilat-
erals Q1, Q2, Q3 in Figure 1 is equivalent up to projective transformation,
and the triple ratio can be seen as the gluing parameter. This gives an inter-
pretation similar to the interpretation of the hyperbolic cross ratio function
as the gluing parameter for assembling an ideal hyperbolic quadrilateral out
of two ideal hyperbolic triangles. We will make use of this point of view in
Section 3.2.
3. Flows on the space of nested polygons
In this section, we define some flows on F+n which we call the shearing flow, the
bulging flow and the eruption flow.
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The eruption flow is naturally defined on F+3 and continuously changes the
triple ratio. It is based on viewing the triple ratio as gluing parameters to assem-
ble the triple of flags (F1, F2, F3) out of three projective quadilaterals Q1, Q2, Q3
as described in Remark 2.14. The shearing and bulging flows are naturally de-
fined on F+4 . They are based on considering the parameters to glue a quadruple
(F1, F2, F3, F4) out of two triples (F1, F2, F3) and (F1, F3, F4). Decomposing an
n-tuple of flags in F+n into successive triples allows to extend the shearing, bulging
and eruption flows to F+n . In order to describe these flows it is useful to identify
points in F+n with nested polygons.
3.1. Suitably nested, labelled polygons. A polygon in RP2, is a simply con-
nected, properly convex, compact set in RP2 whose boundary is a union of finitely
many projective line segments. These projective line segments are the edges of the
polygon, and the endpoints of these edges are the vertices of the polygon.
Definition 3.1.
(1) A labelled polygon is a polygon equipped with an ordering on its vertices,
so that the successor of any vertex v in this ordering is connected to v
by an edge. For any labelled polygon N , let p1(N), . . . , pn(N) denote the
vertices of N , enumerated in according to the order on the vertices. Also, let
e1(N), . . . , en(N) denote the edges of N , enumerated so that the endpoints
of ei(N) are pi(N) and pi+1(N) for all i = 1, . . . , n. (Here, pn+1(N) :=
p1(N).)
(2) A pair (N,N ′) of labelled n-gons are suitably nested if N ⊂ N ′, and pi(N)
lies in the interior of ei(N
′) for all i = 1, . . . , n.
The next proposition is well-known, and relates n-tuples of positive flags in RP2
to suitably nested, labelled n-gons. (See Figure 2.)
Proposition 3.2. [FG07, Theorem 2.2] Let
(
(p1, l1), . . . , (pn, ln)
)
= F ∈ Fn. F ∈
F+n if and only if there is a (necessarily unique) pair of suitably nested, labelled
n-gons (N,N ′) so that pi(N) = pi and ei(N ′) ⊂ li.
(p1, l1)
(p2, l2)
(pn, ln)
p1(N)
p2(N)
pn(N)
p1(N
′)
p2(N
′)
pn(N
′)
Figure 2. n-tuples of flags in Fn and suitably nested pairs of n-gons
Proposition 3.2 gives a canonical homeomorphism between F+n and the space
of suitably nested, labelled n-gons. As a consequence, we will henceforth blur the
distinction between n-tuples of positive flags in RP2 and pairs of suitably nested,
labelled n-gons.
8 ANNA WIENHARD AND TENGREN ZHANG
We describe an explicit parametrization of F+n in terms of the projective invari-
ants we introduced, cross ratios and triple ratios. For this consider a pair of suitably
nested labelled polygons (N,N ′) =
(
(p1, l1), . . . , (pn, ln)
) ∈ F+n and choose a tri-
angulation T of N , so that the set of vertices of the triangulation is {p1, . . . , pn},
i.e. the set of vertices of N . Note that this induces a triangulation of the labelled
n-gon M for every (M,M ′) ∈ F+n . Let IT denote the set of internal edges of T and
ΘT denote the set of triangles of T .
Now, let i, j ∈ {1, . . . , n} so that pi, pj are endpoints of some internal edge
ai,j ∈ IT . Then let k, k′,∈ {1, . . . , n} so that i < k < j < k′ < i in the obvious cyclic
ordering on {1, . . . , n}, and pi, pj , pk and pi, pj , pk′ are vertices of the two triangles
in ΘT that have ei,j as a common edge. For any F =
(
(p1, l1), . . . , (pn, ln)
) ∈ F+n ,
define
σi,j(F ) := log
(− C(li, pk, p′k, pipj)),
where pipj denotes the projective line through pi and pj and C is the cross ratio
introduced in Section 2.1 . Given Proposition 3.2, it is easy to check that σi,j(F )
is well-defined. This associates to every internal edge ei,j ∈ IT two functions
σi,j , σj,i : F+n → R. Since these functions are projective invariants, they descend to
functions σi,j , σj,i, : PGL(3,R)\F+n → R.
Similarly, let i, j, k ∈ {1, . . . , n} so that i < j < k < i, and there is a triangle
Ti,j,k ∈ ΘT with vertices pi, pj and pk. Then define
τi,j,k(F ) := log T
(
(pi, li), (pj , lj), (pk, lk)
)
.
This associates to every triangle in Ti,j,k ∈ ΘT the function τi,j,k : F+n → R, which
descends to a function τi,j,k : PGL(3,R)\F+n → R. The next proposition tells us
that the projective invariants σi,j and τi,j,k can be used to completely understand
F+n .
Proposition 3.3. [FG07, Theorem 2.2] The map(
(σi,j , σj,i)ei,j∈IT , (τi,j,k)Ti,j,k∈ΘT
)
: PGL(3,R)\F+n → R2IT +ΘT
is a homeomorphism.
We will make use of the following proposition, whose proof we leave to the reader.
Proposition 3.4. Let
{
F (s) =
(
(p
(s)
1 , l
(s)
1 ), . . . , (p
(s)
n , l
(s)
n )
)}∞
s=1
be a sequence in
F+n with the following properties:
• For all ei,j ∈ IT , σi,j(F (s)) and σj,i(F (s)) both converge to positive real
numbers as s→∞,
• For all Ti,j,k ∈ ΘT , τi,j,k(F (s)) converges to a positive real number as s→
∞,
• For i = 1, 2, 3, the sequences {p(s)i }∞s=1 converge in RP2,
• For i = 1, 2, the sequences {l(s)i }∞s=1 converge (RP2)∗,
• For i = 1, 2, j = 1, 2, 3, i 6= j, lims→∞ p(s)i does not lie in lims→∞ l(s)j .
Then the sequence {F (s)}∞s=1 converges in F+n .
3.2. Deforming a triple of flags. Let (F1, F2, F3) =
(
(p1, l1), (p2, l2), (p3, l3)
) ∈
F+3 and (∆,∆′) the corresponding pair of suitably nested, labelled triangles. We
will now specify a systematic way to obtain three labelled quadrilaterals from
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(p1, l1)
(p2, l2)
(p3, l3)
(p4, l4)
τ1,2,3 τ3,4,1 σ1,3 σ3,1
Figure 3. The parameterization of F+4 given by Proposition 3.3
(∆,∆′) ∈ F+3 . For i = 1, 2, 3, let qi, ri, ui, and mi be as defined in Nota-
tion 2.10. For i = 1, 2, 3, let Qi be the labelled quadrilateral in ∆
′ with vertices
qi, pi−1, ui, pi+1. Note that ∆′ = Q1 ∪Q2 ∪Q3 ∪T , where T is the labelled triangle
T whose vertices are u1, u2, u3. In each Qi, let Ti ⊂ Qi be the labelled triangle
with vertices ui, pi+1, pi−1. Note then that ∆ = T1 ∪ T2 ∪ T3 ∪ T . (See Figure 1.)
Conversely, given three labelled quadrilaterals in P4, we can use Proposition 2.11
to assemble them together to obtain any pair of suitably nested, labelled triangles
(∆,∆′) ∈ F+3 . With this we interpret the triple ratio of (F1, F2, F3) ∈ F+3 as in-
struction to assemble (∆,∆′) from a triple of labelled quadrilaterals in P4. Since
there is a unique labelled quadrilateral in RP2 up to projective transformations, by
deforming the corresponding “assembly instructions”, we obtain a path of defor-
mations of triples of flags that are projectively non-equivalent.
More explicitly, let v1, v2, v3 be non-zero vectors that span q1, q2, q3 respectively.
Then let g1(t), g2(t), g3(t) ∈ PGL(3,R) that have the following matrix representa-
tions when written in the basis {v1, v2, v3}:
g1(t) :=
 1 0 00 e t3 0
0 0 e−
t
3
 , g2(t) :=
 e− t3 0 00 1 0
0 0 e
t
3
 , g3(t) :=
 e t3 0 00 e− t3 0
0 0 1
 .
It is an easy computation to check that for all i = 1, 2, 3, gi−1(t) ·pi = gi+1(t) ·pi lies
on li. Furthermore, ui(t) := gi(t) · ui lies on the line through qi−1 and gi(t) · pi−1.
These together imply that there is a unique labelled triangle T (t) (with vertices
u1(t), u2(t), u3(t)) so that
(
∆(t),∆′(t)
) ∈ F+3 , where
∆′(t) :=
(
g1(t) ·Q1
) ∪ (g2(t) ·Q2) ∪ (g3(t) ·Q3) ∪ T (t)
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and
∆(t) :=
(
g1(t) · T1
) ∪ (g2(t) · T2) ∪ (g3(t) · T3) ∪ T (t).
Definition 3.5. The eruption flow on F+3 is the flow t : F+3 → F+3 defined by
t : (∆,∆
′) 7→ (∆(t),∆′(t)).
Let
(
F1(t), F2(t), F3(t)
) ∈ F+3 be the triple of flags corresponding to (∆(t),∆′(t)),
then T
(
F1(t), F2(t), F3(t)
)
= et · T (F1, F2, F3). In particular, the eruption flow on
F+3 preserves the foliation of F+3 by its PGL(3,R)-orbits. This implies that the
eruption flow descends to a smooth flow on the 1-dimensional manifold F+3 /PGL(3,R).
Remark 3.6. The name eruption flow arise from imagining the triangle ∆ as a
volcano, with T being the opening of the volcano. Thus applying the eruption flow
with t > 0 let’s this volcano erupt more.
3.3. Deforming a quadruple of flags. Given a quadruple
(
F1, F2, F3, F4
) ∈ F+4 ,
let (N,N ′) be the associated pair of nested quadrilaterals. We obtain two triples
(F1, F3, F2), (F1, F3, F4) ∈ F+3 and a decomposition of N into two triangles NR, NL,
which lie to the right, respectively left of the diagonal a1,3 in N with backward
endpoint p1 and forward endpoint p3. Note that the diagonal a1,3 decomposes N
′
into two quadrilaterals. The shear and bulge flows associated to this decomposition
of N into the two triangles are defined as follows.
Let v1, v3, v1,3 ∈ R3 be non-zero vectors that span p1, p3, and the intersection
point l1 ∩ l3 respectively. Define s(t), b(t) ∈ PGL(3,R) to be the projective trans-
formations that are represented by the matrices
s(t) :=
 e t2 0 00 1 0
0 0 e−
t
2
 , b(t) :=
 e− t6 0 00 e t3 0
0 0 e−
t
6

in the basis {v1, v1,3, v3}.
Let
N(t) :=
(
s(t) ·NL
) ∪ (s(−t) ·NR),
N ′(t) :=
(
s(t) ·N ′L
) ∪ (s(−t) ·N ′R),
M(t) :=
(
b(t) ·NL
) ∪ (b(−t) ·NR),
M ′(t) :=
(
b(t) ·N ′L
) ∪ (b(−t) ·N ′R).
Observe that s(t) and b(t) both fix p1, p3 and stabilize a1,3, l1, l3. This implies that
the pairs
(
N(t), N ′(t)
)
and
(
M(t),M ′(t)
)
are suitably nested, labelled quadrilater-
als.
Definition 3.7.
(1) The shearing flow on F+4 associated to a1,3 is the flow (ψ)t : F+4 → F+4
defined by (ψ)t : (N,N
′) 7→ (N(t), N ′(t)).
(2) The bulging flow on F+4 associated to a1,3 is the flow (β)t : F+4 → F+4
defined by (β)t : (N,N
′) 7→ (M(t),M ′(t)).
If
(
F1(t), F2(t), F3(t), F4(t)
) ∈ F+4 is the quadruple of flags corresponding to(
N(t), N ′(t)
)
, then one can compute that
C
(
l1(t), p2(t), p4(t), p1(t)p3(t)
)
= e−t · C(l1, p2, p4, p1p3),
DEFORMING CONVEX REAL PROJECTIVE STRUCTURES 11
C
(
l3(t), p4(t), p2(t), p1(t)p3(t)
)
= e−t · C(l3, p4, p2, p1p3).
A similar computation also proves that if
(
F1(t), F2(t), F3(t), F4(t)
) ∈ F+4 is the
quadruple of flags corresponding to
(
M(t),M ′(t)
)
, then
C
(
l1(t), p2(t), p4(t), p1(t)p3(t)
)
= et · C(l1, p2, p4, p1p3),
C
(
l3(t), p4(t), p2(t), p1(t)p3(t)
)
= e−t · C(l3, p4, p2, p1p3).
Here, recall that for i = 1, . . . , 4, Fi(t) =
(
pi(t), li(t)
)
and Fi = (pi, li). Also,
p1(t)p3(t) is the projective line through p1(t) and p3(t), and p1p3 is the projective
line through p1 and p3.
3.4. Deforming an n-tuple of flags. We now extend the eruption, shearing and
bulging flows to pairwise commuting flows on F+n and F+n /PGL(3,R) so that the
Rm action on F+n /PGL(3,R) is transitive.
Let (N,N ′) =
(
(p′1, l
′
1), . . . , (p
′
n, l
′
n)
) ∈ F+n . Choose a triangulation of N as we
did in Section 3.1, so that the set of vertices of the triangulation is {p′1, . . . , p′n}.
Let ai,j be any edge of this triangulation with endpoints p
′
i, p
′
j . The labelling of
the vertices of N induces an orientation on N , so ai,j cuts both N and N
′ into
two labelled polygons. (These two polygons are always non-empty in the case of
N ′, and they are non-empty in the case of N if and only if ai,j is not a boundary
segment of N .) Let NL, NR, N
′
L, N
′
R be the labelled polygons, so that NL and
N ′L lie on the left of ai,j , NR and N
′
R lie on the right of ai,j , NL ∪ NR = N and
N ′L ∪N ′R = N ′.
Let vi, vj , vi,j be non-zero vectors that span p
′
i, p
′
j , l
′
i ∩ l′j respectively. Then let
si,j(t), bi,j(t) ∈ PGL(3,R) be the projective transformations that are represented
by the matrices s(t), b(t) as above with respect to the basis {vi, vi,j , vj}. Set
Ni,j(t) :=
(
si,j(t) ·NL
) ∪ (si,j(−t) ·NR),
N ′i,j(t) :=
(
si,j(t) ·N ′L
) ∪ (si,j(−t) ·N ′R),
Mi,j(t) :=
(
bi,j(t) ·NL
) ∪ (bi,j(−t) ·NR),
M ′i,j(t) :=
(
bi,j(t) ·N ′L
) ∪ (bi,j(−t) ·N ′R).
Then si,j(t) and bi,j(t) both fix p
′
i, p
′
j and stabilize ai,j , l
′
i, l
′
j , and the pairs(
Ni,j(t), N
′
i,j(t)
)
and
(
Mi,j(t),M
′
i,j(t)
)
are suitably nested, labelled n-gons.
Definition 3.8.
(1) The shearing flow on F+n associated to ai,j is the flow (ψi,j)t : F+n → F+n
defined by (ψi,j)t : (N,N
′) 7→ (Ni,j(t), N ′i,j(t)).
(2) The bulging flow on F+n associated to ai,j is the flow (βi,j)t : F+n → F+n
defined by (βi,j)t : (N,N
′) 7→ (Mi,j(t),M ′i,j(t)).
Next, consider i, j, k = 1, . . . , n so that i < j < k. Let p1 := p
′
i, p2 := p
′
j ,
p3 := p
′
3, and note that the three edges ai,j , aj,k and ak,i cut N
′ into four polygons,
one of which is a triangle ∆ whose vertices are p1, p2, p3. Let M
′
1, M
′
2, M
′
3 be
the other three polygons so that M ′1 ∪M ′2 ∪M ′3 ∪∆ = N ′, enumerated so that M ′i
has ai−1,i+1 as an edge. Also, let u1, u2, u3 be as defined in Notation 2.10. For
i = 1, 2, 3, let Ti be the triangle in ∆ whose vertices are pi−1, ui−1 and pi+1 (See
Figure 1), and let N ′i := M
′
i ∪ Ti. Note that if T is the triangle in ∆ with vertices
u1, u2, u3, then T ∪N ′1 ∪N ′2 ∪N ′3 = N ′.
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Similarly, the three edges ai,j , aj,k and ak,i cut N into four polygons (three
of which might possibly be empty). As before, one of these polygons is ∆. Let
M1,M2,M3 be the other three polygons so that M1∪M2∪M3∪∆ = N , enumerated
so that Mi has ai−1,i+1 as an edge. Then for i = 1, 2, 3, let Ni := Mi∪Ti, and note
that T ∪N1 ∪N2 ∪N3 = N as well (see Figure 4).
p1
p2
p3
T1
T2
T3
Figure 4. N is outlined in blue, N ′ is outlined in red, ∆ is out-
lined in black. N1, N
′
1 are shaded in violet, N2, N
′
2 are shaded in
yellow, N3, N
′
3 are shaded in turquoise, and T is the white triangle.
Let g1(t), g2(t), g3(t) ∈ PGL(3,R) be the three group elements defined in Section
3.2 (with p1 := p
′
i, p2 := p
′
j , p3 := p
′
3). Then define
Ni,j,k(t) :=
(
g1(t) ·N1
) ∪ (g2(t) ·N2) ∪ (g3(t) ·N3) ∪ T (t),
N ′i,j,k(t) :=
(
g1(t) ·N ′1
) ∪ (g2(t) ·N ′2) ∪ (g3(t) ·N3) ∪ T (t).
As before, note that
(
Ni,j,k(t), N
′
i,j,k(t)
)
is a pair of suitably nested, labelled poly-
gons.
Definition 3.9. The eruption flow on F+n associated to pi, pj , pk is the flow (i,j,k)t :
F+n → F+n defined by (i,j,k)t : (N,N ′) 7→
(
Ni,j,k(t), N
′
i,j,k(t)
)
.
Let (N,N ′) =
(
(p1, l1), . . . , (pn, ln)
) ∈ F+n and let T be a triangulation of N
so that the vertices of the triangulation is {p1, . . . , pn}. Let IT denote the set of
internal edges of T and let ΘT denote the set of triangles of T . The eruption flows,
shearing flows and bulging flows, associated to the triangulation of N gives us a
family of flows in F+n , which descend to flows on PGL(3,R)\F+n . The descended
flows have the following properties.
Proposition 3.10. Consider the collection of flows on PGL(3,R)\F+n
M(F+n ) := {ψi,j : ai+1 ∈ IT } ∪ {βi,j : ai+1 ∈ IT } ∪ {i,j,k : {ai,j , aj,k, ak,i} ∈ ΘT }.
(1) For any φ1, φ2 ∈M(F+n ) and any t1, t2 ∈ R, (φ1)t1 ◦(φ2)t2 = (φ2)t2 ◦(φ1)t1
as flows on PGL(3,R)\F+n .
(2) For any pair F1, F2 ∈ PGL(3,R)\F+n , there is a sequence φ1, . . . , φl ∈
M(F+n ) and a sequence t1, . . . , tl ∈ R so that F1 = (φ1)t1 ◦ · · · ◦ (φl)tl(F2).
DEFORMING CONVEX REAL PROJECTIVE STRUCTURES 13
The above proposition is a consequence of the analogous statements of the propo-
sitions in Section 4 for suitably nested, labelled polygons.
4. Deformations of properly convex domains with C1 boundary
In this section we define elementary eruption, shear and bulge deformations for
strictly convex domains with C1 boundary. Let D denote the space of marked
strictly convex domains in RP2 with C1 boundary, i.e.
D :=
{
(ξ,Ω) :
Ω ⊂ RP2 is a strictly convex domain with C1 boundary
ξ : S1 → ∂Ω is a homeomorphism
}
.
The set D can be topologized so that the sequence {(ξi,Ωi)}∞i=1 converges to
(ξ,Ω) if and only if {Ωi}∞i=1 converges to Ω in the topology generated by the Haus-
dorff distance, and {ξi}∞i=1 converges to ξ pointwise. Each point in D can be
approximated by a sequence {(Nn, N ′n)}∞n=3, where each (Nn, N ′n) ∈ F+n . The goal
of this section is to define elementary shearing, bulging and eruption flows on D.
We fix some notation.
Notation 4.1. • For any triple of pairwise distinct points x, y, z ∈ S1 in that
order, let [x, y]z and (x, y)z be the closed and open subintervals of S
1 with
endpoints x and y that does not contain z.
• For any properly convex domain Ω ⊂ RP2 and any a, b ∈ Ω, let [a, b] and
(a, b) denote the closed and open oriented projective line segments in Ω
with a and b as backward and forward endpoints respectively.
• For any p, q ∈ RP2, let pq denote the projective line through p and q.
• For any (ξ,Ω) ∈ D and for any x ∈ S1, let ξ∗(x) be the tangent line to ∂Ω
at ξ(x).
4.1. Shearing and bulging flows. Let x, y ∈ S1 be a pair of distinct points.
Then for all (ξ,Ω) ∈ D, [ξ(x), ξ(y)] cuts Ω into two properly convex subdomains
Ωx,y,R and Ωx,y,L, where Ωx,y,L is the subdomain of Ω on the left of [ξ(x), ξ(y)], and
Ωx,y,R is the one on the right of [ξ(x), ξ(y)] (see Figure 5). Here, the orientation
on Ω is induced by the homeomorphism ξ.
Also, let px,y be the point of intersection between ξ
∗(x) and ξ∗(y), and let
vx, vy, vx,y ∈ R3 be non-zero vectors that span ξ(x), ξ(y) and px,y respectively.
As before, let sx,y(t), bx,y(t) ∈ PGL(3,R) be the projective transformations that
are represented by the matrices
sx,y(t) :=
 e t2 0 00 1 0
0 0 e−
t
2
 , bx,y(t) :=
 e− t6 0 00 e t3 0
0 0 e−
t
6
 ,
respectively in the basis {vx, vx,y, vy}.
Note that sx,y(t1)bx,y(t2) = sx,y(t1)bx,y(t2) for every t1, t2 ∈ R. Also, it is easy
to see that every projective transformation that fixes ξ(x), ξ(y) and px,y can be
written as uniquely as sx,y(t1)bx,y(t2) for some t1, t2 ∈ R. For any such projective
transformation g, define
Ωg :=
(
ξ(x), ξ(y)
) ∪ (g · Ωx,y,L) ∪ (g−1 · Ωx,y,R) .
Observe that Ωg is a strictly convex domain with C
1 boundary.
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Let BR and BL be the two connected components of S
1 \ {x, y} so that for any
(ξ,Ω) ∈ D, ξ(BR) and ξ(BL) are the subsegments in the boundary of Ωx,y,R and
Ωx,y,L respectively. Then define ξg : S
1 → ∂Ωg by
ξg(a) =
 g ◦ ξ(a) if a ∈ BLg−1 ◦ ξ(a) if a ∈ BR
ξ(a) if a = x, y
Clearly, ξg is continuous, so we can define the shearing flows and bulging flows on
D in the following way.
Definition 4.2. Let x, y ∈ S1.
(1) The elementary shearing flow on D associated to (x, y) is the flow (ψx,y)t :
D → D defined by (ψx,y)t : (ξ,Ω) 7→ (ξsx,y(t),Ωsx,y(t)).
(2) The elementary bulging flow on D associated to (x, y) is the flow (βx,y)t :
D → D defined by (βx,y)t : (ξ,Ω) 7→ (ξbx,y(t),Ωbx,y(t)).
Note that for all g ∈ PGL(3,R), for all x, y ∈ S1, and for all t ∈ R,
g ◦ (ψx,y)t(ξ,Ω) = (ψx,y)t ◦ g(ξ,Ω) and g ◦ (βx,y)t(ξ,Ω) = (βx,y)t ◦ g(ξ,Ω).
This implies that the shearing and bulging flows descend to flows on PGL(3,R)\D.
We also denote the descended shearing and bulging flows by ψx,y and βx,y respec-
tively; it should be clear from context which we are referring to.
ξ(x2)
ξ(x1)
ξ(y1)
ξ(z1)
ξ(y2)
ξ(z2)
px1,x2
Figure 5. Ωx1,x2,L and Ωx1,x2,R are the regions shaded in blue
and green respectively.
Proposition 4.3. Let x1 < x2 ≤ y1 < z1 < y2 < z2 ≤ x1 be points along S1 in
this cyclic order (see Figure 5). Also, let (ξ,Ω) ∈ D, and let [ξ,Ω] ∈ PGL(3,R)\D
be the equivalence class containing (ξ,Ω).
(1) For all φ1, φ2 ∈ {ψx1,x2 , βx1,x2 , ψy1,y2 , βy1,y2} and for all t1, t2 ∈ R, we have
that
(φ1)t1 ◦ (φ2)t2 [ξ,Ω] = (φ2)t2 ◦ (φ1)t1 [ξ,Ω].
(2) Let t ∈ R, and let (ξ1,Ω1) := (ψx1,x2)t(ξ,Ω) or (βx1,x2)t(ξ,Ω). Then
C
(
ξ∗(y1), ξ(z1), ξ(z2), ξ(y1)ξ(y2)
)
= C
(
ξ∗1(y1), ξ1(z1), ξ1(z2), ξ1(y1)ξ1(y2)
)
.
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Proof. First, we will prove (1). Let (ξ1,Ω1) := (φ2)t2(ξ,Ω), (ξ2,Ω2) := (φ1)t1(ξ1,Ω1),
(ξ3,Ω3) := (φ1)t1(ξ,Ω), and (ξ4,Ω4) := (φ2)t2(ξ3,Ω3). We need to show that there
is some projective transformation g ∈ PGL(3,R) so that g ◦ ξ4 = ξ2. It is sufficient
to do so on the four subsegments [x1, x2]y1 , [x2, y1]y2 , [y1, y2]x1 and [y2, x1]x2 .
Let g1, g2 ∈ PGL(3,R) be the projective transformations so that
ξ1|[x1,x2]y1 = g1 ◦ ξ|[x1,x2]y1 , ξ1|∂Γ\[x1,x2]y1 = g−11 ◦ ξ|∂Γ\[x1,x2]y1 ,
ξ3|[y1,y2]x1 = g2 ◦ ξ|[y1,y2]x1 , ξ3|∂Γ\[y1,y2]x1 = g−12 ◦ ξ|∂Γ\[y1,y2]x1 .
Observe then that
ξ2|[y1,y2]x1 = g−11 ◦ g2 ◦ g1 ◦ ξ1|[y1,y2]x1 ,
ξ2|∂Γ\[y1,y2]x1 = g−11 ◦ g−12 ◦ g1 ◦ ξ1|∂Γ\[y1,y2]x1 ,
ξ4|[x1,x2]y1 = g−12 ◦ g1 ◦ g2 ◦ ξ3|[x1,x2]y1 ,
ξ4|∂Γ\[x1,x2]y1 = g−12 ◦ g−11 ◦ g2 ◦ ξ3|∂Γ\[x1,x2]y1 ,
which implies that
ξ2|[x1,x2]y1 = g−11 ◦ g−12 ◦ g21 ◦ ξ|[x1,x2]y1 , ξ2|[x2,y1]y2 = g−11 ◦ g−12 ◦ ξ|[x2,y1]y2 ,
ξ2|[y1,y2]x1 = g−11 ◦ g2 ◦ ξ|[y1,y2]x1 , ξ2|[y2,x1]x2 = g−11 ◦ g−12 ◦ ξ|[y2,x1]x2 ,
ξ4|[x1,x2]y1 = g−12 ◦ g1 ◦ ξ|[x1,x2]y1 , ξ4|[x2,y1]y2 = g−12 ◦ g−11 ◦ ξ|[x2,y1]y2 ,
ξ4|[y1,y2]x1 = g−12 ◦ g−11 ◦ g22 ◦ ξ|[y1,y2]x1 , ξ4|[y2,x1]x2 = g−12 ◦ g−11 ◦ ξ|[y2,x1]x2 .
In all cases, g−11 ◦ g−12 ◦ g1 ◦ g2 ◦ ξ4 = ξ2.
To see (2), one only needs to observe that the flows (ψx1,x2)t and (βx1,x2)t change
the flags
(
ξ(y1), ξ
∗(y1)
)
,
(
ξ(y2), ξ
∗(y2)
)
,
(
ξ(z1), ξ
∗(z1)
)
,
(
ξ(z2), ξ
∗(z2)
)
by the same
projective transformation. 
For any (ξ,Ω) ∈ D and any y1 < z1 < y2 < z2 < y1 along S1 in this cyclic order,
we have C
(
ξ∗(y1), ξ(z1), ξ(z2), ξ(y1)ξ(y2)
)
< 0 and can thus define
σξ(y1, z1, z2, y2) := log
(
− C(ξ∗(y1), ξ(z1), ξ(z2), ξ(y1)ξ(y2))).
The next proposition states how certain cross ratios change when we perform
the shearing and bulging flows. The proof is a straightforward calculation, which
we omit.
Proposition 4.4. Let y1 6= y2 be points along S1, and for i = L,R, let zi ∈ Bi
with respect to the oriented line segment [y1, y2]. Also, let t ∈ R, let (ξ1,Ω1) :=
(ψy1,y2)t(ξ,Ω), and let (ξ2,Ω2) := (βy1,y2)t(ξ,Ω). Then
(1) σξ1(y1, zL, zR, y2) = σξ(y1, zL, zR, y2)− t,
(2) σξ1(y2, zR, zL, y1) = σξ(y2, zR, zL, y1)− t,
(3) σξ2(y1, zL, zR, y2) = σξ(y1, zL, zR, y2) + t,
(4) σξ2(y2, zR, zL, y1) = σξ(y2, zR, zL, y1)− t,
4.2. Eruption flows. Fix any x1, x2, x3 ∈ S1 that are pairwise distinct. For any
(ξ,Ω) ∈ D and for i = 1, 2, 3, let pi := ξ(xi) and let li := ξ∗(xi). Then let u1, u2, u3
be as defined in Notation 2.10, and for all i = 1, 2, 3, let Ωi be the subdomain in
Ω bounded by [pi−1, pi+1]pi , [pi−1, ui] and [ui, pi+1] (recall that arithmetic in the
subscripts are done modulo 3). Observe that there is a unique triangle T so that
Ω = Ω1 ∪ Ω2 ∪ Ω3 ∪ T.
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More concretely, T is the triangle in Ω with vertices u1, u2, u3 (see Figure 6).
p1 = ξ(x1)
p2 = ξ(x2)
p3 = ξ(x3)
ξ(y1)
ξ(y2)
ξ(y3)
u1
u2
u3
Figure 6. Ω1, Ω2 and Ω3 are the regions shaded in blue, green
and red respectively.
Let g1(t), g2(t), g3(t) ∈ PGL(3,R) be group elements as defined in Section 3.2. It
is an easy computation to check that for all i = 1, 2, 3, gi+1(t) ·pi = gi−1(t) ·pi, and
gi(t) · ui lies on gi(t) · wi−1. These together imply that there is a unique triangle
T (t) so that
Ωx1,x2,x3,t :=
(
g1(t) · Ω1
) ∪ (g2(t) · Ω2) ∪ (g3(t) · Ω3) ∪ T (t)
is a strictly convex domain with C1 boundary. Furthermore, for i = 1, 2, 3, the
tangent lines to ∂Ωx1,x2,x3,t at gi(s) · ξ(xi) is li.
Also, let ξx1,x2,x3,t : S
1 → ∂Ωp1.p2.p3,t be the map defined by
ξx1,x2,x3,t(a) =
 g1(t) ◦ ξ(a) if a ∈ [x2, x3]x1g2(t) ◦ ξ(a) if a ∈ [x3, x1]x2
g3(t) ◦ ξ(a) if a ∈ [x1, x2]x3
,
and note that ξx1,x2,x3,t is well-defined and continuous.
Definition 4.5. Let x1, x2, x3 ∈ S1 be triple of pairwise distinct points. The
elementary eruption flow on D associated to x1, x2, x3 is the flow (x1,x2,x3)t : D →
D defined by (x1,x2,x3)t : (ξ,Ω) 7→ (ξx1,x2,x3,t,Ωx1,x2,x3,t)
Like the shearing and bulging flows, we also have that for all g ∈ PGL(3,R) and
all x1, x2, x3 ∈ S1 that are pairwise distinct, g ◦ (x1,x2,x3)t = (x1,x2,x3)t ◦ g. Thus,
the eruption flow also descends to a flow on PGL(3,R)\D, which we also denote
by (x1,x2,x3)t : PGL(3,R)\D → PGL(3,R)\D and refer to as the eruption flow on
PGL(3,R)\D.
The next two propositions state how the triple ratios change under the eruption
flow. The proofs are a variation of the proof of Proposition 4.3, so we will leave
them to the reader.
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Proposition 4.6. Let x1 < x2 < x3 ≤ y1 < y2 < y3 ≤ x1 lie along S1 in this
cyclic order, let t1, t2 ∈ R, and let [ξ,Ω] ∈ PGL(3,R)\D be the equivalence class
containing (ξ,Ω) ∈ D (see Figure 6). The following statements hold:
(1) (x1,x2,x3)t1 ◦ (y1,y2,y3)t2 [ξ,Ω] = (y1,y2,y3)t2 ◦ (x1,x2,x3)t1 [ξ,Ω].
(2) For any φ ∈ {ψx1,x3 , βx1,x3}, we have that
φt1 ◦ (y1,y2,y3)t2 [ξ,Ω] = (y1,y2,y3)t2 ◦ φt1 [ξ,Ω].
(3) Let t ∈ R and let (ξ1,Ω1) := (x1,x2,x3)t(ξ,Ω). Then
T
((
ξ∗(y1), ξ(y1)
)
,
(
ξ∗(y2), ξ(y2)
)
,
(
ξ∗(y3), ξ(y3)
))
= T
((
ξ∗1(y1), ξ1(y1)
)
,
(
ξ∗1(y2), ξ1(y2)
)
,
(
ξ∗1(y3), ξ1(y3)
))
.
For any (ξ,Ω) ∈ D and any x1, x2, x3 ∈ S1 that are pairwise distinct, we have
T
((
ξ∗(y1), ξ(y1)
)
,
(
ξ∗(y2), ξ(y2)
)
,
(
ξ∗(y3), ξ(y3)
))
> 0,
so we can define
τξ(x1, x2, x3) := log T
((
ξ∗(x1), ξ(x1)
)
,
(
ξ∗(x2), ξ(x2)
)
,
(
ξ∗(x3), ξ(x3)
))
.
Proposition 4.7. Let x1, x2, x3 ∈ S1 and let (ξ,Ω) ∈ D. For all t ∈ R, let
(x1,x2,x3)t(ξ,Ω) = (ξ1,Ω1). Then
τξ1(x1, x2, x3) = τξ(x1, x2, x3) + t.
Finally, the next proposition says that when we perform the shearing, bulging,
or eruption flows, we are only changing the pair (ξ,Ω) “near the edges” involved
in defining these flows. The proof uses the same argument as the proof of (2) of
Proposition 4.3, so we will omit it.
Proposition 4.8. Let x1 < x2 < x3 ≤ y1 < y2 < y3 ≤ x1 lie along S1 in this cyclic
order. If y1 = x3 and y3 = x1, let y4 := x2. Otherwise, let y4 ∈ (x3, y1)y2∪(y3, x1)y2
(see Notation 4.1). Also, let t ∈ R and let (ξ,Ω) ∈ D. The following statements
hold:
(1) Let (ξ1,Ω1) := (x1,x2,x3)t(ξ,Ω). Then
σξ,ξ∗(y1, y2, y4, y3) = σξ1,ξ∗1 (y1, y2, y4, y3),
σξ,ξ∗(y3, y4, y2, y1) = σξ1,ξ∗1 (y3, y4, y2, y1).
(2) Let φ ∈ {ψx1,x3 , βx1,x3} and let (ξ1,Ω1) := φt(ξ,Ω). Then
τξ,ξ∗(y1, y2, y3) = τξ1,ξ∗1 (y1, y2, y3).
5. Convex real projective structures on S
Now we consider S, a closed, connected, orientable smooth surface of genus g ≥ 2.
In Section 6 we extend the elementary shearing, bulging, and eruption flows to flows
on the space of convex real projective structures on S. In this section we describe the
necessary background in the deformation space of convex real projective structures
on S.
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5.1. Basics. We recall the definition of convex real projective structures on S, and
briefly describe some of their properties.
A convex RP2 surface Σ is the quotient of a properly convex domain Ω in RP2 by
a group of projective transformations Γ that acts freely, properly discontinuously
and cocompactly on Ω, i.e. Σ = Γ\Ω. If Σ and Σ′ are convex RP2 surfaces, a
(projective) isomorphism is a diffeomorphism f : Σ → Σ′, whose induced map on
the universal covers f˜ : Σ˜→ Σ˜′ is the restriction of a projective transformation on
RP2. We consider
C˜(S) :=
{
(f,Σ) :
Σ is a convex RP2 surface
f : S → Σ is a diffeomorphism
}
,
and define the deformation space of convex RP2 structures on S to be
C(S) := C˜(S)/ ∼,
where (f,Σ) ∼ (f ′,Σ′) if f ′ ◦ f−1 : Σ→ Σ′ is isotopic to a projective isomorphism
from Σ to Σ′. An element [f,Σ] ∈ C(S) is a convex RP2 structure on S. For any
(f,Γ\Ω) ∈ C˜(S), the diffeomorphism f lifts to a map f˜ : S˜ → Ω, which is called the
developing map. Since f˜ intertwines the deck transformations on S˜ and Ω, there is
a unique group homomorphism hol : pi1(S)→ Γ ⊂ PGL(3,R), called the holonomy
representation, so that f is hol-equivariant.
Consider the space
H˜(S) :=
(F,hol) :
hol : pi1(S)→ PGL(3,R) is a homomorphism,
F : S˜ → RP2 is a hol-equivariant diffeomorphism
onto a properly convex domain Ω ⊂ RP2
 .
The map Φ˜ : C˜(S) → H˜(S) given by Φ˜ : (f,Γ\Ω) 7→ (f˜ ,hol) is a bijection,
where f˜ and hol are the developing map and the holonomy representation for
(f,Γ\Ω) respectively. The topology on H˜(S) can be described as follows: a se-
quence {(Fi, ρi)}∞i=1 converges to (F, ρ) in H˜(S) if and only if {Fi}∞i=1 converges
to F pointwise. It is easy to see that this implies that {ρi}∞i=1 converges to ρ in
Hom(pi1(S),PGL(3,R)). This then induces a topology C˜(S) via Φ˜.
Let Ĥ(S) := H˜(S)/ ∼, where (F, ρ) ∼ (F ′, ρ′) if ρ = ρ′ and F is isotopic to
F ′ via ρ-equivariant diffeomorphisms onto properly convex subsets of RP2. Also,
let H(S) := Ĥ(S)/ ∼, where h1 ∼ h2 if there are representatives (Fi, ρi) of hi and
g ∈ PGL(3,R) so that (g◦F1, gρ1(·)g−1) = (F2, ρ2). One can verify that Φ˜ descends
to a homeomorphism Φ : C(S)→ H(S).
Let H˜ol : H˜(S) → Hom(pi1(S),PGL(3,R)) be defined by H˜ol : (F,hol) 7→ hol.
Choi-Goldman [CG93] proved that this map descends to a map Hol : H(S) →
Hom(pi1(S),PGL(3,R))/PGL(3,R), which is a homeomorphism onto a connected
component of Hom(pi1(S),PGL(3,R))/PGL(3,R). We similarly denote by H˜ol and
Hol the maps induces by precomposition with Φ˜ and Φ:
H˜ol : C˜(S)→ Hom(pi1(S),PGL(3,R)).
Hol : C(S)→ Hom(pi1(S),PGL(3,R))/PGL(3,R).
Furthermore, it is known that the image of hol does not contain any singular points
of Hom(pi1(S),PGL(3,R))/PGL(3,R), so we can use the map hol to define a smooth
structure on C(S) and H(S).
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The following theorem lists some classical result of Kuiper [Kui54] and Benzecri
[Ben60], (also see Theorem 3.2 of [Gol90]).
Theorem 5.1. Let [f,Γ\Ω] ∈ C(S), let [ρ] = Hol[f,Γ\Ω], and let γ ∈ pi1(S) \ {id}.
(1) The image of f is a strictly convex domain in RP2 with C1 boundary.
(2) The group element ρ(γ) ∈ PGL(3,R) is diagonalizable over R with eigen-
values having pairwise distinct absolute values. Furthermore, the unique
representative of ρ(γ) in SL(3,R) has only positive eigenvalues.
(3) Let ρ(γ)+, ρ(γ)0 and ρ(γ)− be the attracting, neutral and repelling fixed
points of ρ(γ) in RP2. Then ρ(γ)+ and ρ(γ)− lie on ∂Ω, and the projective
lines tangent to ∂Ω at ρ(γ)+ and ρ(γ)− both contain ρ(γ)0.
It is well-known that pi1(S) is a hyperbolic group. For each (F, ρ) ∈ H˜(S), ρ
induces a pi1(S) action on Ω := F (S˜) by projective transformations. In particular,
pi1(S) acts on Ω by isometries of the Hilbert metric, which induces a homeomor-
phism ξ : ∂pi1(S) → ∂Ω, where ∂pi1(S) is the Gromov boundary of pi1(S). Note
that the map ξ depends only on the equivalence class [F, ρ] ∈ Ĥ(S) of (F, ρ). Part
(1) of Theorem 5.1 then allows us to define the embedding Ĥ(S) → D given by
[F, ρ] 7→ (ξ,Ω), which descends to an embedding H(S) → PGL(3,R)\D. We use
this embedding in Section 6 to define the shearing flows, bulging flows and eruption
flows to C(S).
5.2. An ideal triangulation of S. We describe now a particular ideal triangula-
tion on S that will be used later. The triangulation depends on some topological
choices on S. We choose an orientation on S and a pants decomposition of S. Let
P1, . . . , P2g−2 be the pairs of pants given by the choice of pants decomposition. For
each i = 1, . . . , 2g−2, the inclusion of Pi ⊂ S induces an embedding pi1(Pi) ⊂ pi1(S)
(after suitable choices of base points).
For each Pi, let γ1,i, γ2,i, γ3,i ∈ pi1(Pi) ⊂ pi1(S) be three group elements corre-
sponding to oriented peripheral curves in Pi so that γ3,i · γ2,i · γ1,i = id, and Pi lies
on the left of each of the oriented boundary components of Pi corresponding to the
conjugacy classes [γ1,i], [γ2,i] and [γ3,i].
Let G(S˜) := {(x, y) ∈ ∂pi1(S)2 : x 6= y}/
(
(x, y) ∼ (y, x)), and denote every
equivalence class in G(S˜) by {x, y}. If we choose a negatively curved metric on S,
then G(S˜) is naturally identified with the space of geodesics on S˜ in this negatively
curved metric. As such, we will refer to the elements in G(S˜) as geodesics of S˜.
Also, we say that a pair of geodesics {x, y}, {z, w} ∈ G(S˜) intersects transversely if
x, z, y, w ∈ ∂pi1(S) in this cyclic order.
Let γ−1,i, γ
−
2,i, γ
−
3,i ∈ ∂pi1(S) and γ+1,i, γ+2,i, γ+3,i ∈ ∂pi1(S) be the repelling and at-
tracting fixed points of γ1,i, γ2,i, γ3,i respectively. Then let
Q˜i :=
⋃
γ∈pi1(S)
{
γ · {γ−1,i, γ−2,i}, γ · {γ−2,i, γ−3,i}, γ · {γ−3,i, γ−1,i}
}
,
P˜ :=
2g−2⋃
i=1
⋃
γ∈pi1(S)
{
γ · {γ−1,i, γ+1,i}, γ · {γ−2,i, γ+2,i}, γ · {γ−3,i, γ+3,i}
}
.
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Clearly, P˜ and Q˜i for all i = 1, . . . , 2g − 2 are invariant under the pi1(S) action on
∂pi1(S)
2. Thus, we can define
Qi := pi1(S)\Q˜i, Q˜ :=
2g−2⋃
i=1
Q˜i, T˜ := Q˜ ∪ P˜,
P := pi1(S)\P˜, Q := pi1(S)\Q˜, T := pi1(S)\T˜
and observe that Q = ⋃2g−2i=1 Qi and T = Q∪ P (see Figure 7).
γ−1,i
γ+1,i
γ−2,i
γ+2,i
γ−3,i
γ+3,i
Figure 7. The colored curves are edges in T˜ and T . The red,
blue and green curves are in Q˜ and Q, while the violet, turquoise
and yellow curves are in P˜ and P
The geodesics in Q˜ can be characterized as the geodesics {x, y} ∈ T˜ for which
there exists z, z′ ∈ ∂pi1(S) so that {x, z}, {y, z}, {x, z′}, {y, z′} ∈ T˜ . Similarly,
the geodesics in P˜ are exactly the geodesics {x, y} ∈ T˜ for which there exists
sequences {zi}∞i=1, {z′i}∞i=1 ⊂ ∂pi1(S) so that limi→∞ z′i = x, limi→∞ zi = y, and
{x, zi}, {y, z′i} ∈ T˜ for all i = 1, . . . ,∞. It is also easy to see that P defined above
is naturally in bijection with the pants decomposition we chose on S, and that
|Qi| = 3 for all i = 1, . . . , 2g − 2. In particular, |P| = 3g − 3 and |Q| = 6g − 6.
If we choose a negatively curved metric on S, then T can be naturally realized
as an ideal triangulation of S, where each pair of pants given by P is cut into two
ideal triangles. As such, we will call T (resp. T˜ ) an ideal triangulation of S (resp.
S˜), and the elements in T and T˜ are called edges. The edges of T˜ that lie in P˜
(resp. Q˜) are called closed edges (resp. non-closed edges). Also, a triangle of T˜ is
a triple of edges of the form T =
{{x, y}, {y, z}, {z, x}} ⊂ Q˜, and each of {x, y},
{y, z}, {z, x} is an edge of T .
Similarly, the closed edges, non-closed edges, and triangles of T are images of
closed edges, non-closed edges, and triangles of T˜ under the quotient map T˜ → T .
Denote the set of triangles of T˜ and T by ΘT˜ and ΘT respectively. Note that for
all i = 1, . . . , 2g−2, there are exactly two triangles in ΘT whose edges are the three
edges in Qi. As such, |ΘT | = 4g − 4.
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5.3. Bonahon-Dreyer parameterization of C(S). The first parametrization of
the deformation space of convex real projective structures C(S) was given by Gold-
man [Gol90]. Bonahon-Dreyer [BD14] gave a parameterization of the PSL(n,R)-
Hitchin component associated to S, which coincides with C(S) if n = 3 for any
given ideal triangulation of S, building upon coordinate systems introduced by
Fock-Goncharov [FG06] for decorated local systems on surfaces with boundary.
The second author [Zha15b] later gave a reparametrization of the Bonahon-Dreyer
coordinates, which gives Fenchel-Nielsen type coordinates on the PSL(n,R)-Hitchin
component. We describe the Bonahon-Dreyer parameterization in the special case
of C(S) for our particular choice of ideal triangulation T of S. For the explicit
change of coordinates between Goldman’s coordinates and the Bonahon-Dreyer co-
ordinates see [BK].
For each closed edge e ∈ P, choose a representative {x, y} ∈ P˜ of e, and choose
a pair of vertices z = zx,y, z
′ = z′x,y ∈ ∂pi1(S) so that {z, x}, {z′, y} ∈ Q˜. For
any non-closed edge e ∈ Q, choose a representative {x, y} ∈ Q˜ for e, and let
z = zx,y, z
′ = z′x,y ∈ ∂pi1(S) be the points so that {x, z}, {y, z}, {x, z′}, {y, z′} ∈ T˜ .
In either case, x < z < y < z′ < x lie along ∂pi1(S) in this cyclic order. With this,
we can define, for any e ∈ T , the functions σe,x, σe,y : C˜(S) = H˜(S)→ R by
σe,x(ξ,Ω) := σξ,ξ∗(x, z, z
′, y) and σe,y(ξ,Ω) := σξ,ξ∗(y, z′, z, x).
Since σe,x and σe,y are defined using projective invariants, they do not depend
on the choice of representative for e, and so are indeed well-defined. For the same
reason, they descend to functions, also denoted σe,x and σe,y, on C(S) = H(S).
These descended functions are called the shear parameters on C(S). Since |T | =
9g − 9, we have 2(9g − 9) shear parameters on C(S).
For each triangle T =
{{x, y}, {y, z}, {z, x}} of T˜ so that x < y < z < x in
this cyclic order along ∂pi1(S), the triple ratio gives rise to a function τT : C˜(S) =
H˜(S) → R by τT (ξ,Ω) := τξ(x, y, z). As before, this function is defined using a
projective invariant, so it descends to a function, also denoted τT , on C(S) = H(S).
There are 4g − 4 such functions, and they are called the triangle parameters on
C(S).
The shear and triangle parameters satisfy certain linear relations which we now
describe. For each closed edge e ∈ P, let {x, y} be a representative of e, and let
z1, z2, z
′
1, z
′
2 ∈ ∂pi1(S) so that {z1, x}, {z2, x}, {z1, z2}, {z′1, y}, {z′2, y}, {z′1, z′2} ∈ T˜ .
For i = 1, 2, let ei ∈ T be the equivalence class containing {zi, x} and let e3 be
the equivalence class containing {z1, z2}. Similarly, for i = 1, 2, let e′i ∈ T be the
equivalence class containing {z′i, y} and let e′3 be the equivalence class containing
{z′1, z′2}. Then, let T1, T2 be the two triangles whose edges are e1, e2, e3 and let T ′1,
T ′2 be the triangles whose edges are e
′
1, e
′
2, e
′
3.
One can then explicitly compute that for each closed edge e ∈ P, the following
two identities and inequalities hold on C(S):
σe1,x + σe2,x = σe′1,x + σe′2,x + τT ′1 + τT ′2 > 0
and
σe1,y + σe2,y + τT1 + τT2 = σe′1,y + σe′2,y > 0.
The two equalities for each e ∈ P are called the closed leaf equalities, and the two
inequalities for each e ∈ P are called the closed leaf inequalities. The two quantities
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σe,x and σe,y also have the following geometric interpretation. For any [f,Σ] ∈ C(S),
let [ρ] = Hol[f,Σ]. Also, let γ be the primitive element in pi1(S) with x and y as
its repelling and attracting fixed points respectively, and let |λ1(ρ)| > |λ2(ρ)| >
|λ3(ρ)| denote the absolute values of the eigenvalues of ρ(γ). Then Bonahon-Dreyer
computed that the two quantities above are log |λ1λ2 | and log |λ2λ3 | respectively.
The following theorem of Bonahon-Dreyer states that the closed leaf equalities
and inequalities are the only relations between the shear and triangle parameters.
Theorem 5.2. [BD14, Theorem17] The shear and triangle parameters give a real
analytic diffeomorphism from C(S) to a convex polytope P in R22g−22 of dimension
16g−16 that is cut out by the closed leaf equalities and inequalities described above.
5.4. Families of tranverse curves. A convex real projective structure on S is
identified by its holonomy representation hol : pi1(S) → PGL(3,R) and its devel-
oping map f˜ : S˜ → Ω, which is hol-equivariant, see Section 5.1. This gives an
identification ξ : ∂pi1(S) = S
1 → ∂Ω and defines a point (ξ,Ω) ∈ D. The ideal tri-
angulation T of S induces an ideal triangulation T˜ of Ω. In this section we consider,
for any pair of distinct vertices x0, y0 of T˜ , the set of curves Ex0,y0 which intersect
the projective segment with endpoint x0, y0 in Ω transversely. The goal is to get a
decomposition of Ex0,y0 into a finite family of curves, and a special infinite family
of curves, which allows us to give a controlled analysis of how shearing and triangle
parameters change under the eruption and internal bulging flows we introduce in
Section 6.
We let ∂pi1(S) be the circle S
1 in the definition of D. Then the ideal triangulation
T of S induces an ideal triangulation on each (ξ,Ω) ∈ D. For any pair of distinct
vertices x0, y0 of T˜ , let
E ′x0,y0 :=
{{x, y} ∈ T˜ : x < x0 < y < y0 < x}.
(Note that if {x0, y0} ∈ T˜ , then E ′x0,y0 is empty.) If we choose (ξ,Ω) ∈ D and a
complete, negatively curved metric on Ω, then E ′x0,y0 is the set of edges in T˜ that
intersect the geodesic in Ω with endpoints x0, y0 transversely. By orienting both
components of ∂pi1(S)\{x0, y0} from x0 to y0, this induces an ordering on E ′x0,y0 by
{x, y} < {x′, y′} if x and x′ (hence y and y′) lie in the same connected component
of ∂pi1(S) \ {x0, y0}, x weakly precedes x′, and y weakly precedes y′.
Observe that E ′x0,y0 does not have a minimum (in the ordering described above)
if and only if there is some vertex z of T˜ so that {x0, z} ∈ P˜, and there is a sequence
{xi}∞i=1 of vertices of T˜ that converges to x0, and {xi, z} ∈ E ′x0,y0 for all i. Similarly,
E ′x0,y0 does not have a maximum if and only if there is some vertex z′ of T˜ so that
{y0, z′} ∈ P˜, and there is a sequence {yi}∞i=1 of vertices of T˜ that converges to y0,
and {yi, z} ∈ E ′x0,y0 for all i. Then define
Ex0,y0 :=

E ′x0,y0 if E ′x0,y0 has a max and a min
E ′x0,y0 ∪
{{x0, z}} if E ′x0,y0 has a max but no min
E ′x0,y0 ∪
{{y0, z′}} if E ′x0,y0 has a min but no max
E ′x0,y0 ∪
{{x0, z}, {y0, z′}} if E ′x0,y0 has neither a max nor a min
and observe that Ex0,y0 has an obvious ordering (see Figure 8).
It is easy to see that there are only finitely many (possibly none) edges in P˜
that lie in Ex0,y0 . Let l1, . . . , lk denote these edges, enumerated according to the
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x0 y0
Figure 8. The geodesics drawn above that intersect {x0, y0}
transversely represent the edges in Ex0,y0 . The yellow geodesics
are edges in P˜, the colored geodesics are edges in Ej and the
black geodesics are edges in Ej,j+1 for some j. Also, the non-faded
geodesics are edges in Ex0,y0
ordering on Ex0,y0 . Observe that if e ∈ Ex0,y0 shares a common vertex x with some
lj and satisfies e < lj , then every edge e
′ satisfying e < e′ < lj also has x as a
vertex. Similarly, if e ∈ Ex0,y0 shares a common vertex x with some lj and lj < e,
then every edge e′ satisfying lj < e′ < e also has x as a vertex. Thus, if we define
Ej := {e ∈ Ex0,y0 : e shares a vertex with lj},
F−j := {e ∈ Ex0,y0 : e < e′ for all e′ ∈ Ej},
F+j := {e ∈ Ex0,y0 : e > e′ for all e′ ∈ Ej},
then Ex0,y0 = F−j ∪ Ej ∪ F+j is a disjoint union. Note that Ej is infinite for all j.
We further define
Ej,j+1 :=

F−1 if j = 0
F+j ∩ F−j+1 if 0 < j < k
F+n if j = k
and note that Ex0,y0 =
k⋃
j=1
Ej ∪
k⋃
j=0
Ej,j+1 is a disjoint union. Note also that Ej,j+1
is finite for all j.
Observe that each Ej has a minimum, a maximum, and a unique edge in P˜.
The edge in P might possibly be the minimum if j = 1, and might possibly be the
maximum if j = k. On the other hand, if j = 2, . . . , k − 1, then the edge in P
is neither the minimum nor the maximum. In any case, replace each Ej ⊂ Ex0,y0
with these three edges, which we denote by aj ≤ bj ≤ cj , to get a finite ordered set
Ex0,y0 .
It is clear that if aj 6= bj , then aj shares a vertex with the maximum of Ej−1,j
(or with cj−1 if Ej−1,j is empty). Similarly, if bj 6= cj , then cj shares a vertex with
the minimum of Ej,j+1 (or with aj+1 if Ej,j+1 is empty). In particular, every pair of
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adjacent edges in Ex0,y0 determines a unique triple of points in ∂pi1(S), and hence
a triangle (which might not be in ΘT ). Let Θx0,y0 denote this finite collection of
triangles.
6. Deformations of convex RP2 structures on S
We cannot simply apply the elementary shearing, bulging and eruption flows
defined in Section 4 to obtain a deformation of a convex real projective structure
on S, because these elementary flows are not equivariant with respect to the pi1(S)-
action on Ω. To get an equivariant flow we have to perform these flows equivariantly
along an infinite family of lines and/or triangles. However then we are faced with
the question of convergence, and in general we will not obtain a well-defined flow
on H(S) = C(S). In order to ensure well-definedness, we restrict to special infinite
combinations of elementary shearing, bulging and eruption flows. These give rise to
the classical shearing and bulging flows along simple closed curves [Gol86, Gol], and
to new eruption flows and internal bulging flows, which are related to the internal
triangle and shear parameters. We describe this flow without giving fully detailed
proofs of all statements. In a forthcoming paper, joint with Zhe Sun, we define
more general flows on the Hitchin component for PSL(n,R), of which the shearing,
bulging, eruption and internal bulging flows on H(S) are a special case. There,
complete proofs will be provided.
Let Pi ⊂ S be any pair of pants given by the pants decomposition P. Let
pi : S˜ → S denote the covering map, and note that the set
{x ∈ S˜ : pi(x) ∈ Pi}
has countably many connected components. Choose an enumeration of these con-
nected components, P˜i,1, P˜i,2, . . . . Each of these P˜i,j can be completely described
by a subset of ∂pi1(S), so it makes sense to say when a geodesic in G(S˜) lies in P˜i,j .
γ−1,i
γ+1,i
γ−2,i
γ+2,i
γ−3,iγ+3,i
γ−11,i · γ−2,i.
∆i
∆′i
Figure 9. ∆i and ∆
′
i in P˜i,1
As before, choose group elements γ1,i, γ2,i, γ3,i ∈ pi1(S) so that
• γ3,i · γ2,i · γ1,i = id,
• the axis of γj,i for all j = 1, 2, 3 lie in P˜i,1
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• Pi lies on the left of each of the oriented boundary components of Pi cor-
responding to the conjugacy classes [γ1,i], [γ2,i] and [γ3,i].
Then let
e1,i := {γ−1,i, γ−2,i}, e2,i := {γ−2,i, γ−3,i}, e3,i := {γ−3,i, γ−1,i},
e′1,i := {γ−1,i, γ−3,i}, e′2,i := {γ−3,i, γ−11,i · γ−2,i}, e′3,i := {γ−11,i · γ−2,i, γ−1,i}
and recall that for j = 1, 2, 3, ej,i and e
′
j,i is an edge in T˜ (see Figure 9). Define
∆i := {e1,i, e2,i, e3,i}, ∆′i := {e′1,i, e′2,i, e′3,i}, which are two triangles in ΘT˜ . Finally,
let
Θi := {γ ·∆i : γ ∈ pi1(S)} ∪ {γ ·∆′i : γ ∈ pi1(S)},
Θ1,i := {γ ·∆i : γ ∈ Γ1,i} ∪ {γ ·∆′i : γ ∈ Γ1,i},
Θj,i := γj ·Θ1,i,
where Γ1,i := 〈γ1,i, γ2,i, γ3,i〉, and γj ∈ pi1(S) is a group element so that γj · P˜i,1 =
P˜i,j . It is easy to see that Θi =
⋃∞
j=1 Θj,i.
We will now use ∆i to iteratively define a sequence {Nk}∞k=1 of nested collections
of triangles that exhaust Θ1,i. First, let N1 := ∆i. Then for all k = 2, . . . ,∞, let
Nk be the collection of triangles that share a common edge with some triangle in
Nk−1. It is clear that each Nk is a finite collection, and
⋃∞
k=1Nk = Θ1,i.
Next, choose an enumeration of Θ1,i = {T1,1, T2,1, . . . } with the property that if
Tl,1 ∈ Nk and Tl′,1 ∈ Nk′ \ Nk for some k′ > k, then l′ > l. For each j > 1, the
group element γj ∈ pi1(S) induces an enumeration of Θj,i = {T1,j , T2,j , . . . }. Using
this, we can enumerate Θi so that the ordering on Θi induced by this enumeration
restricts to the ordering on Θj,i induced by the enumeration of Θj,i specified above.
For example, one can enumerate Θi by Θi = {T1, T2, . . . }, where T1 := T1,1, T2 :=
T2,1, T3 := T1,2, T4 := T3,1, T5 := T2,2, T6 := T1,3, . . . .
Similarly, let
Q˜1,i := {γ · e1,i : γ ∈ Γ1,i} ∪ {γ · e2,i : γ ∈ Γ1,i} ∪ {γ · e3,i : γ ∈ Γ1,i},
Q˜j,i := γj · Q1,i,
and as before, we have Q˜i =
⋃∞
j=1 Q˜j,i. Also, note that Q˜j,i is exactly the set
of edges of the triangles in Θj,i. Enumerate Q˜1,i = {f1,1 := e1,i, f2,1 := e2,i, . . . }
so that if fl,1 is an edge of a triangle in Nk and fl′,1 is an edge of a triangle in
Nk′ but not an edge of a triangle in Nk for some k
′ > k, then l′ > l. By the
choice of γj for each j > 1, this enumeration of Q˜1,i induces an enumeration of
Q˜j,i = {f1,j , f2,j , . . . }. Using this, we can enumerate Q˜i by Q˜i = {e1, e2, . . . },
where e1 := f1,1, e2 := f2,1, e3 := f1,2, e4 := f3,1, e5 := f2,2, e6 := f1,3, . . . .
6.1. Shearing and bulging flows. First, we define the shearing and bulging flows
associated to the closed leaves of T . These flows are special cases of the general-
ized twist flows previously considered by Goldman [Gol86]. Goldman also gave a
geometric construction of these flows in [Gol].
Enumerate the elements in P by c1, . . . , c3g−3. For each i = 1, . . . , 3g−3, choose
an orientation on ci. This induces an orientation on each edge in
Ci := {d ∈ P˜ : [d] = ci}.
Furthermore, Ci is a countable set, so we can enumerate Ci = {d1, d2, . . . }.
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For each dj ∈ Ci, let d+j and d−j be the its forward and backward endpoints
respectively. Then for any t ∈ R and any j ∈ Z+, let
(βj)t, (ψj)t : PGL(3,R)\D → PGL(3,R)\D
be the maps defined by (βj)t := (βd+j ,d
−
j
)t and (ψj)t := (ψd+j ,d
−
j
)t. This allows us to
define (Bi)t, (Si)t : C(S) → C(S) by (Bi)t :=
∏∞
j=1 βj(t) and (Si)t :=
∏∞
j=1 ψj(t),
where C(S) is viewed as a subset of PGL(3,R)\D via the embedding described at
the end of Section 5.1.
Definition 6.1. The flows (Bi)t and (Si)t on C(S) defined above are respectively
the bulging flows and shearing flows corresponding to the simple closed curve ci ∈
P.
Using similar arguments as in the proofs of Theorem 6.4 and Theorem 6.10 below
give the following theorem. In fact, since any pair of vertices in T˜ intersects only
finitely many elements in P˜ the proof is this case is much simpler. Thus we get the
following theorem, which is a special case of Goldman’s theorem [Gol86, Gol]
Theorem 6.2. For all i = 1, . . . , 3g − 3, (Bi)t and (Si)t are well-defined, smooth,
and do not depend on any of the choices we made to obtain the enumeration of C˜i.
6.2. Eruption flows. Now we define the eruption flows. For each Tj ∈ Θi, let
aj , bj , cj be the three vertices of Tj . Then for any t ∈ R, let (j)t : PGL(3,R)\D →
PGL(3,R)\D be the eruption flow defined by
(j)t :=
{
(aj ,bj ,cj )t if Tj = γ ·∆i
(aj ,bj ,cj )−t if Tj = γ ·∆′i .
Then let (Ei)t :=
∏∞
j=1 j(t) : C(S)→ C(S), where C(S) is again viewed as a subset
of PGL(3,R)\D.
Definition 6.3. The flow (Ei)t on C(S) defined above is the eruption flow corre-
sponding to the pair of pants Pi ⊂ S.
The main theorem of this section is the well-definedness of (Ei)t.
Theorem 6.4. For all i = 1, . . . , 2g − 2, (Ei)t is well-defined, smooth, and does
not depend on any of the choices we made to obtain the enumeration of Θi.
Remark 6.5. Note that for the eruption flow on C(S) we simultaneously apply the
elementary eruption flow in positive direction to the triangles in the pi1(S)-orbit
of ∆i and the elementary eruption flow in negative direction to the triangles in
the pi1(S)-orbit of ∆
′
i. This is crucial in order to prove convergence and get a
well-defined flow (Ei)t on C(S).
That this is a natural and necessary thing to do can be seen from the closed leaf
equalities of Bonahon-Dreyer, see Section 5.3:
σe1,x + σe2,x = σe′1,x + σe′2,x + τT ′1 + τT ′2 = log
∣∣∣∣λ1λ2
∣∣∣∣
and
σe1,y + σe2,y + τT1 + τT2 = σe′1,y + σe′2,y = log
∣∣∣∣λ2λ3
∣∣∣∣ .
Using the closed leaf inequalities for the three pants curves for Pi, it is easy to see
that if we do not want to change the eigenvalues of the holonomy around the three
DEFORMING CONVEX REAL PROJECTIVE STRUCTURES 27
pants curves, then the sum of the two triangle parameters for the two triangles in
Pi is necessarily constant.
The eruption flows are even more natural in Zhang’s reparametrization of the
Bonahon-Dreyer coordinates, where only one of the triangle invariants is taken into
account - the other one being determined by the closed leaf equalities.
Choose any [f,Σ] ∈ C(S), and let (ξ,Ω) ∈ D be a point so that [ξ,Ω] ∈
PGL(3,R)\D corresponds to [f,Σ]. For all j = 1, . . . ,∞, let
(ξ′j ,Ω
′
j) :=
j∏
k=1
(j)t(ξ,Ω) ∈ D.
Then let gj ∈ PGL(3,R) be the group element so that
gj ·
(
ξ′j(γ
−
1,i), (ξ
′
j)
∗(γ−1,i)
)
=
(
ξ(γ−1,i), ξ
∗(γ−1,i)
)
,
gj ·
(
ξ′j(γ
−
2,i), (ξ
′
j)
∗(γ−2,i)
)
=
(
ξ(γ−2,i), ξ
∗(γ−2,i)
)
,
gj · ξ′j(γ−3,i) = ξ(γ−3,i).
Then define ξj := gj ◦ ξ′j and Ωj := gj · Ω′j . Note that in D\PGL(3,R), [ξj ,Ωj ] =
[ξ′j ,Ω
′
j ] =
∏j
k=1(j)t[ξ,Ω].
By Proposition 4.7, Proposition 4.8, and the fact that the triple ratio and cross
ratio are invariant under projective transformations, we know that for any k ∈ Z+
and for all j ≥ k,
τξj ,ξ∗j (ak, bk, ck) =
{
τξ,ξ∗(ak, bk, ck) + t if Tk = γ ·∆i for some γ ∈ pi1(S)
τξ,ξ∗(ak, bk, ck)− t if Tk = γ ·∆′i for some γ ∈ pi1(S) ,
where ak, bk, ck are the vertices of Tk so that ak < bk < ck < ak. Also, if T ={{a, b}, {b, c}, {c, a}} is a triangle so that T 6= γ ·∆i and T 6= γ ·∆′i for all γ ∈ pi1(S),
then for all j ∈ Z+, we have that τξj ,ξ∗j (a, b, c) = τξ,ξ∗(a, b, c). For the same reasons,
σξj ,ξ∗j (x, zx,y, z
′
x,y, y) = σξ,ξ∗(x, zx,y, z
′
x,y, y) and
σξj ,ξ∗j (y, z
′
x,y, zx,y, x) = σξ,ξ∗(y, z
′
x,y, zx,y, x)
for any {x, y} ∈ T that do not correspond to the three boundary curves of Pi.
Now, we will state and give a sketch of the proof of the main technical lemma
we need to prove Theorem 6.4.
Lemma 6.6. Let {x, y} ∈ P˜ and let z, z′ be vertices of T˜ so that {x, z}, {y, z′} ∈ T˜ .
Then the sequences
{σξj ,ξ∗j (x, z, z′, y)}∞j=1, {σξj ,ξ∗j (y, z′, z, x)}∞j=1,
{τξj ,ξ∗j (x, z, y)}∞j=1, {τξj ,ξ∗j (y, z′, x)}∞j=1
converge to positive real numbers.
Proof. Assume that {x, y} in P corresponds to a boundary component of Pi (oth-
erwise, the lemma is true by the comments above). We will first focus on the
sequence {τξj ,ξ∗j (x, z, y)}∞j=1. If {x, z} is not an edge in P˜i,j for some j = 1, . . . ,∞,
then it is immediate that {τξj ,ξ∗j (x, z, y)}∞j=1 is the constant sequence and therefore
converges. Thus, assume that {x, z} is an edge in P˜i,j for some j.
Let γ ∈ pi1(S) be the primitive group element with x and y as its repelling and
attracting fixed points respectively. Then let w ∈ ∂pi1(S) be the point so that
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{w, x} ∈ T˜ and w ∈ (z, γ · z)x (see Notation 4.1). Similarly, let w′ ∈ ∂pi1(S) be the
point so that {w′, y} ∈ T˜ and w′ ∈ (z′, γ−1 · z′)x. For all j = 1, . . . ,∞, let gj be a
group element so that
gj · ξj(x) = ξ(x), gj · ξj(z) = ξ(z), gj · ξj(w) = ξ(w),
gj · ξ∗j (x) = ξ∗(x), gj · ξ∗j (z) = ξ∗(z),
and let (ξj , ξ
∗
j ) := gj · (ξj , ξ∗j ). By definition,(
ξj(x), ξ∗j (x)
)
=
(
ξ(x), ξ∗(x)
)
,
(
ξj(z), ξ∗j (z)
)
=
(
ξ(z), ξ∗(z)
)
and ξj(w) = ξ(w),
for all j ∈ Z+.
y
x
zz
′
w
w′
γ · z
γ T
T ′
Figure 10. Proof of Lemma 6.6.
Let T :=
{{x, z}, {z, w}, {w, x}} and let T ′ := {{x,w}, {w, γ · z}, {γ · z, x}} (see
Figure 10). Consider the sequence of triangles
{T, T ′, γ · T, γ · T ′, . . . , γk · T, γk · T ′, γk+1 · T, . . . } = {Tj1 , Tj2 , . . . },
where the right-hand side is written using the enumeration of Θi. Then observe
that j1 < j2 < . . . . Also, let ht be the projective transformation
ht :=
 e t3 0 00 e− t3 0
0 0 1
 1 0 00 e t3 0
0 0 e−
t
3
−1 =
 e t3 0 00 e− 2t3 0
0 0 e
t
3

written in the basis {vw, vx, vz}, where [vq] = ξ(q) for q = w, x, z.
By the definition of (ξj , ξ
∗
j ), we see that(
ξj1(p), ξ
∗
j1
(p)
)
= ht ·
(
ξ(p), ξ∗(p)
)
for all p ∈ {q ∈ ∂pi1(S) : q = y or q is a vertex of Tjk for some k ≥ 2}. (Note that
ht fixes
(
ξ(x), ξ∗(x)
)
and ξ(w).) Furthermore, for all k ≥ j1,
ξ∗k(w) = ξ
∗
j1
(w) and ξk(γ · z) = ξj1(γ · z).
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Next, let g the projective transformation that fixes the flag
(
ξj1(x), ξ
∗
j1
(x)
)
=(
ξ(x), ξ∗(x)
)
, sends the flag
(
ξj1(w), ξ
∗
j1
(w)
)
to
(
ξj1(z), ξ
∗
j1
(z)
)
and sends the point
ξj1(γ · z) to ξj1(w). Again by the definition of (ξj , ξ∗j ), we have that(
ξj2(p), ξ
∗
j2
(p)
)
= g−1h−tg ·
(
ξj1(p), ξ
∗
j1
(p)
)
= g−1h−1t ght ·
(
ξ(p), ξ∗(p)
)
for all p ∈ {q ∈ ∂pi1(S) : q = y or q is a vertex of Tjk for some k ≥ 3}. (Note that
g−1h−tg fixes
(
ξ(x), ξ∗(x)
)
and ξj1(γ · z).) Furthermore, for all k ≥ j2,
ξ∗k(γ · z) = ξ∗j2(γ · z) and ξk(γ · w) = ξj2(γ · w).
Let ut := g
−1h−1t ght, and observe that ut is a unipotent projective transformation
that fixes
(
ξ(x), ξ∗(x)
)
.
Let r be the projective transformation that fixes the flag
(
ξj2(x), ξ
∗
j2
(x)
)
, sends
the flag
(
ξj2(z), ξ
∗
j2
(z)
)
to
(
ξj2(γ·z), ξ∗j2(γ·z)
)
and sends the point ξj2(w) to ξj2(γ·w).
It is easy to see that r is diagonalizable with eigenvalues having pairwise distinct
absolute values. As a consequence of Proposition 3.3, for all k ≥ j3, we have
ξ∗k(γ · w) = r · ξ∗j2(γ · w). For the same reasons,(
ξj4(p), ξ
∗
j4
(p)
)
= rutr
−1 · (ξj2(p), ξ∗j2(p)) = rutr−1ut · (ξ(p), ξ∗(p))
for all p ∈ {q ∈ ∂pi1(S) : q = y or q is a vertex of Tjk for some k ≥ 5}. In particu-
lar, r fixes the flag
(
ξj4(x), ξ
∗
j4
(x)
)
=
(
ξ(x), ξ∗(x)
)
, sends the flag
(
ξj4(γ ·z), ξ∗j4(γ ·z)
)
to
(
ξj4(γ
2 · z), ξ∗j4(γ2 · z)
)
and sends the point ξj4(γ · w) to ξj4(γ2 · w).
By iterating this process, we then see that
lim
j→∞
(
ξj(y), ξ∗j (y)
)
=
∞∏
k=0
rkutr
−k · (ξ(y), ξ∗(y)).
Here, the product of projective transformations
∏∞
k=0 r
kutr
−k converges because ut
is unipotent, r is diagonalizable with pairwise distinct eigenvalues, and the repelling
flag of r is exactly the fixed flag of ut.
More explicitly, if we let v1, v2, v3 ∈ R3 be eigenvectors of r, enumerated in
increasing order of the absolute values of the corresponding eigenvalues, then
r =
 α 0 00 β 0
0 0 γ
 and ut =
 1 a b0 1 c
0 0 1

in the basis {v1, v2, v3}, with α < β < γ. It is then an elementary computation to
show that
∞∏
k=0
rkutr
−k =
 1 aββ−α bγγ−α + acαγ(β−α)(γ−α)0 1 cγγ−β
0 0 1
 .
In particular,
∏∞
k=0 r
kutr
−k is a unipotent projective transformation that fixes the
flag
(
ξ(x), ξ∗(x)
)
.
Since limj→∞
(
ξj(y), ξ∗j (y)
)
is the image of
(
ξ(y), ξ∗(y)
)
under a unipotent pro-
jective transformation that fixes
(
ξ(x), ξ∗(x)
)
, it follows from the transversality of(
ξ(y), ξ∗(y)
)
and
(
ξ(x), ξ∗(x)
)
that limj→∞
(
ξj(y), ξ∗j (y)
)
and limj→∞
(
ξj(x), ξ∗j (x)
)
are also transverse.
On the other hand, the projective line segment [ξ(x), ξ(w)] and the projective
lines ξ∗(x), ξ∗(w) determine two triangles in RP2, one of which contains ξj(z) for
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all j and the other contains ξj(y) for all j. It is also easy to see that ξ∗j (z) = ξ
∗(z)
does not intersect the closure of the latter triangle for all j, so limj→∞ ξj(y) does
not lie in limj→∞ ξ∗j (z) = ξ
∗(z). Performing the same argument in (RP2)∗ proves
that limj→∞ ξ∗j (y) does not contain limj→∞ ξj(z).
This thus proves that the triple of flags
lim
j→∞
(
ξj(x), ξ∗j (x)
)
, lim
j→∞
(
ξj(y), ξ∗j (y)
)
, lim
j→∞
(
ξj(z), ξ∗j (z)
)
is pairwise transverse. As such, the triple ratio of this triple must be either positive
or negative. Since they are limits of triples of pairwise transverse flags whose triple
ratios are positive, and the triple ratio varies continuously on F+3 , we can conclude
that the triple ratio of this triple is positive. It follows immediately that the se-
quence {τξj ,ξ∗j (y, z, x)}∞j=1 converges to a positive real number. The same argument,
using the points w′ and z′ in place of w and z, proves that {τξj ,ξ∗j (x, z′, y)}∞j=1 also
converges to a positive real number.
Now, we deal with the convergence of the shear parameters under the eruption
flow, thus we consider the sequences {σξj ,ξ∗j (x, z, z′, y)}∞j=1 and {σξj ,ξ∗j (y, z′, z, x)}∞j=1.
Suppose that only one of {x, z} or {y, z′} lies in P˜i,j for some j. If {y, z′} does not
lie in P˜i,j for some j, it follows from the above argument that
lim
j→∞
(
ξj(z
′), ξ∗j (z
′)
)
=
∞∏
k=0
rkutr
−k · (ξ(z′), ξ∗(z′)),
which allows us to conclude that the quadruple of flags
lim
j→∞
(
ξj(x), ξ∗j (x)
)
, lim
j→∞
(
ξj(y), ξ∗j (y)
)
, lim
j→∞
(
ξj(z), ξ∗j (z)
)
, lim
j→∞
(
ξj(z
′), ξ∗j (z
′)
)
is pairwise transverse. A continuity argument then allows us to conclude that both
{σξj ,ξ∗j (x, z, z′, y)}∞j=1 and {σξj ,ξ∗j (y, z′, z, x)}∞j=1 converge to positive real numbers.
The same argument can be used in the case when {x, z} does not lie in P˜i,j for
some j.
To deal with the case when both {x, z} and {y, z′} lie in P˜i,j for some j, we
need to slightly modify the argument given above. We leave this modification to
the reader. 
By a similar argument, one can also prove the following lemma.
Lemma 6.7. Let {y1, y2} ∈ Q˜. For i = 1, 2, let γi ∈ pi1(S) be the primitive group
element whose repelling fixed point is yi, and let xi be the attracting fixed point of γi.
Also, let wi be the vertex of T˜ with the property that there are triangles Ti, T ′i ∈ ΘT˜
so that {y1, y2}, {yi, wi} are edges of Ti and γi · {y1, y2}, {yi, wi} are edges of T ′i
(see Figure 11). Then the sequences
{σξj ,ξ∗j (y1, x1, x2, y2)}∞j=1, {σξj ,ξ∗j (y1, x1, w2, y2)}∞j=1, {σξj ,ξ∗j (y1, w1, x2, y2)}∞j=1,
converge to positive real numbers.
By Theorem 5.2, there is some [ft,Σt] ∈ C(S) so that the following hold:
• For all e = [x, y] ∈ Q and for all e = [x, y] ∈ P that does not correspond to
a boundary component of Pi,
σe,x[ft,Σt] = σe,x[f,Σ] and σe,y[ft,Σt] = σe,y[f,Σ]
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T ′1
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T ′2
Figure 11. Lemma 6.7.
• For all e = [x, y] ∈ P that correspond to a boundary component of Pi,
σe,x[ft,Σt] = lim
j→∞
σξj ,ξ∗j (x, zx,y, z
′
x,y, y) and σe,y[ft,Σt] = lim
j→∞
σξj ,ξ∗j (y, z
′
x,y, zx,y, x)
• τT [ft,Σt] = τT [f,Σ] for all T ∈ ΘT so that T 6= [∆i], [∆′i],
• τ[∆i][ft,Σt] = τ[∆i][f,Σ] + t and τ[∆′i][ft,Σt] = τ[∆′i][f,Σ]− t.
Let (ξt,Ωt) be the representative of [ξt,Ωt] ∈ PGL(3,R)\D so that [ξt,Ωt] corre-
sponds to [ft,Σt] ∈ C(S), and(
ξt(γ
−
1,i), ξ
∗
t (γ
−
1,i)
)
=
(
ξ(γ−1,i), ξ
∗(γ−1,i)
)
,
(
ξt(γ
−
2,i), ξ
∗
t (γ
−
2,i)
)
=
(
ξ(γ−2,i), ξ
∗(γ−2,i)
)
,
and ξt(γ
−
3,i) = ξ(γ
−
3,i).
Lemma 6.8. Let x0 ∈ ∂pi1(S) be any vertex of T˜ . Then
lim
j→∞
(
ξj(x0), ξ
∗
j (x0)
)
=
(
ξt(x0), ξ
∗
t (x0)
)
.
Proof. First, one can compute that the following equalities hold:
• Let x, y, z, z′ be as defined in the statement of Lemma 6.6. Then
lim
j→∞
τξj ,ξ∗j (x, z, y) = τξt,ξ∗t (x, z, y),
lim
j→∞
τξj ,ξ∗j (y, z
′, x) = τξt,ξ∗t (y, z
′, x).
• Let x1, x2, y1, y2, w2, w2 be as defined in the statement of Lemma 6.7. Then
lim
j→∞
σξj ,ξ∗j (y1, x1, x2, y2) = σξt,ξ∗t (y1, x1, x2, y2),
lim
j→∞
σξj ,ξ∗j (y1, x1, w2, y2) = σξt,ξ∗t (y1, x1, w2, y2),
lim
j→∞
σξj ,ξ∗j (y1, w1, x2, y2) = σξt,ξ∗t (y1, w1, x2, y2).
If x0 = γ
−
1,i or x0 = γ
−
2,i, then by definition of ξj and ξt, limj→∞
(
ξj(x0), ξ
∗
j (x0)
)
=(
ξt(x0), ξ
∗
t (x0)
)
. For the same reason, if x0 = γ
−
3,i, then limj→∞ ξj(x0) = ξt(x0).
On the other hand, limj→∞ ξ∗j (x0) = ξ
∗
t (x0) because limj→∞ τξj ,ξ∗j (γ
−
1,i, γ
−
3,i, γ
−
2,i) =
τξt,ξ∗t (γ
−
1,i, γ
−
3,i, γ
−
2,i).
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Now, suppose that x0 is not any of γ
−
1,i, γ
−
2,i, γ
−
3,i. Assume without loss of general-
ity that x0 ∈ (γ−1,i, γ−2,i)γ−3,i (see Notation 4.1), then Ex0,γ−3,i is finite and non-empty.
(Ex0,γ−3,i was defined using T˜ in Section 5.2.) By Lemma 6.7 and the observation
stated prior to Lemma 6.6, we know that for every triple of consecutive edges {z′, y},
{x, y}, {z, x} of Ex0,γ−3,i in this order,
lim
j→∞
σξj ,ξ∗j (x, z, z
′, y) = σξt,ξ∗t (x, z, z
′, y), lim
j→∞
σξj ,ξ∗j (y, z
′, z, x) = σξt,ξ∗t (y, z
′, z, x),
lim
j→∞
τξj ,ξ∗j (x, y, z) = σξt,ξ∗t (x, y, z), limj→∞
τξj ,ξ∗j (y, z
′, x) = σξt,ξ∗t (y, z
′, x).
We can then apply Proposition 3.4 to conclude that limj→∞
(
ξj(x0), ξ
∗
j (x0)
)
=(
ξt(x0), ξ
∗
t (x0)
)
. 
Proof of Theorem 6.4. By a standard density argument, Lemma 6.8 implies that
for any x ∈ ∂pi1(S),
lim
j→∞
(
ξj(x), ξ
∗
j (x)
)
=
(
ξt(x), ξ
∗
t (x)
)
.
Hence, (Ei)t[f,Σ] = [ft,Σt]. Since [f,Σ] ∈ C(S) was arbitrary, this proves that
(Ei)t is well-defined. From the proof of Lemma 6.6, it is clear that
lim
j→∞
σξj ,ξ∗j (x, zx,y, z
′
x,y, y) and lim
j→∞
σξj ,ξ∗j (y, z
′
x,y, zx,y, x)
vary smoothly with t. Thus, by the way we chose [ft,Σt], the Bonahon-Dreyer
parameters for [ft,Σt] vary smoothly with t. The smoothness of (Ei)t then follows
from the smoothness of the Bonahon-Dreyer parameterization of C(S). Finally, to
see the independence of (Ei)t from the choices made to obtain the enumeration
of Θi, simply observe that the Bonahon-Dreyer parameters for [ft,Σt] does not
depend on any such choice. This finishes the proof of Theorem 6.4. 
6.3. Internal bulging flows. Now we define the internal bulging flows on C(S),
which arise from bulging flows along (internal) edges of triangulations T , which do
not correspond to simple closed curves in the pants decomposition P.
Orient the edges e1,i, e2,i, e3,i so that they have backward endpoints γ
−
1,i, γ
−
2,i,
γ−3,i and forward endpoints γ
−
2,i, γ
−
3,i, γ
−
1,i respectively. (e1,i, e2,i, e3,i were defined
at the beginning of Section 6.) This induces an orientation on all the edges in
Q˜i. For each ej ∈ Q˜i, let e+j and e−j denote its forward and backward endpoints
respectively. For any t ∈ R and any j ∈ Z+, let
(βj)t := (βe+j ,e
−
j
)t : PGL(3,R)\D → PGL(3,R)\D.
Then define (Ii)t :=
∏∞
j=1 βj(t) : C(S)→ C(S).
Definition 6.9. The flow (Ii)t on C(S) defined above is the internal bulging flow
associated to the pair of pants Pi ⊂ S
An analogous argument as the one given in the proof of Theorem 6.4 gives the
following statement.
Theorem 6.10. For all i = 1, . . . , 2g − 2, (Ii)t is well-defined, smooth, and does
not depend on any of the choices we made to obtain the enumeration of Q˜i.
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It is important to remark here that if we try to use the elementary shearing flow
ψe+j ,e
−
j
in place of βe+j ,e
−
j
, then we do not get a well-defined flow on C(S). The key
point here is that if we do so, then the analogous projective transformation to ut
defined in the proof of Lemma 6.6 will not be unipotent.
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